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Section 1 - Summary of This Work /4 , }'
|

Chapter IV Conclusion

"\ part A) Introduction
. dcvetn e avthors
"3 In this chapter—we sumarize our investigation of the reflecting
properties of x-ray multilayers. The breadth of this investigation
indicates the utility of the difference equation formalism in the analysis
of such structures. The formalism is particularly useful in analyzing
multilayers whose structure is not a simple perjodic bilayer. The
complexity in structure can be either intentional, as in multilayers made
by in-situ reflectance monitoring, or it can be a consequence of a
degradation mechanism, such as randam thickness errors or interlayer
diffusion.

Both the analysis of thickness errors and the analysis of interlayer
diffusion are conceptually simple, effectively one-dimensional problems
that are strai \d\wv pose. ) Each problem has recieved attention

from previous authors (Shellan, et al. 1978; Underwood and Barbee, 1982),

and in each case we have been able to signifi-antly extend previous work

with an analysis that uses the difference equation formalism.
the g thers/ Aty
In odf analysis of in-situ reflectance monitoring, w€ provide a

quantitative understanding of an experimentally successful process that

has not previously been treated theoretically. T
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As x-ray multilayers came into wider use, there will undoubtedly be
an increasing m‘.‘f‘:‘::,?: precise understanding of their reflecting
properties. Thus, weERpect that in the future more detailed modeling
:ﬂt 3’0 mdetnk:?.gf less easily specified structures than those above.
~Me believe that our formalism will continue to prove useful in the
modeling of these more caomplex structures.

One such structure that may be of interest is that of a !mltilayer

o s e i
s W e

degraded by interfacial roughness.< To date there has been one direct
experizental indication that roughness produces a detectable effect on
multilayer performance (Spiller et al., 1980, see sec. III-1). We have
used the difference equation formalism to make a preliminary investigation
of the effect of roughness on multilayer reflectivity.

Thus far our treatment is not general, in that we only treat certain
limiting case kinds of roughness that may or may not resemble the
roughness actually present in multilayers. Purther, the formalism that we
use to treat roughness makes new assumptions about the multilayer
structure in addition to those made in Chapter II; these new assumptions
are Que to Eastman (1978), and in effect reduce the three-dimensional
rough structure to a structure that is quasi-one-dimensional. The
applicability of these new assumptions to x-ray multilayers is
considerably less certain than are those made in sec. II-1.

Por these two reasons, and for the sake of brevity, we have chosen
not to include this preliminary treatment of roughness in the analysis
presented in Chapter II. The results of Chapters II and III are
sumarized in part B of this section (sec. IV-1).
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We summarize our initial investigation of roughness in part A of Ll
section IV-2; section IV-2 as a whole deals with suggestions for future ;_i::jf‘
work. In the same section we discuss, in a general way, the basis for ;:-I‘

measurements with which a future experimental program might characterize et
the kinds of defects present in multilayers. The roughness analysis -

indicates that roughness of different kinds (along with other kinds of ‘
structural defects) may produce gualitatively different signatures in the
reflecting properties of multilayers. Part B of section II concludes with
some suggestions for other future investigations based on the results of o

the present work. A
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Part B) Sumary of Chapters II and III
v; Our analysis is based on a characteristic matrix solution we derive
ey for the it cell of an x-ray multilayer (eq. II-1-14). Our formalism
' resembles the Bwald-von Lave dynamical theory of x-ray diffraction in that
e it begins with a physical representation of the multilayer in terms of a
. ‘ spatially varying complex dielectric constant. Unlike the dynamical
.: diffraction theory, we do not require that the dielectric constant be
3 periodic; however we do require that it vary only in one dimension. Like
the dynamical theory, our formalism exploits the fundamental optical
‘§1 property of materials at x-ray wavelengths, in assuming that the
.: dielectric constant departs only slightly from unity. However, the
g explicit characteristic matrix form of our solutions is one that is
3 4" camonly used in predicting the performance of optical multilayer coatings
3 (Born and Wolf, 1975).

» Since our present interest is in the reflecting properties of
E multilayers, we convert eg. II-1-14 into a difference equation that
:% propagates the amplitude reflectivity @ from the Kth cell to the K+lst
o cell in mth order; this equation (reproduced from eq. 1I1-1-20) is
j
2 -2it, mo-it, m -3it, N
i R, =& o l1)e “(iv-ple(-1) e (irepde,
I (M-41-1)
'.‘::"
i; The parameters t, r, and p are essentially amplitude transmittances and
= reflectances for the cell (they are defined explicitly in eg. II-1-15).
3
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’ Pig. II-1-3 shows how this result resenbles the Airy recursion D
r;;‘% formula that is often used in optical thin-film calculations; however -
¢ "N
". eq. IV-1-1 exploits the small departure of the dielectric constant fram o
W < :
o unity in that multiple reflections are represented only in a single A
\
non-linear term in e, Our difference equation has the advantage of _‘.

being written explicitly in terms of the discrete properties of the NS

!-;Jw'w.fovl
e SN Y

separate unit cells. g

¢

The case of reflection fram ideal periodic x-ray multilayers has been

2.

RS

<) treated by Vinogradov and Zeldovich (1977), and by Lee (1981). The -
3 solution for the periodic case (given in eq. II-2-11) is essentially the _
Darwin-Prins solution for the reflectivity of an ideal crystal (James, ;7
= 1965). We have extended previous work on the periodic case only in minor 'E
3’4 ways. ‘
In sec. I1-2-B we present a detailed analysis of the criterion by _-
which one chooses the period length that maximizes the absorption-limited -
-:: multilayer reflectivity (eq. II-2-30). We show that this condition is \
:;’:,v,. essentially a Bragg condition (equivalent in the centrosymmetric case to a j.‘_
result derived by Miller, 1935, for crystalline reflection); however this .'
;j Bragg condition contains a correction for absorption as well as the usual \
* dispersion correction. We show that this condition can be sinply E
WY

expressed as a requirement that the real part of the parameter known as

.~

the equivalent phase thickness be n for a resonance. (The concept of

(P Bl

equivalent parameters is discussed in Knittl, 1976, see also sec. 11-1).

AW

-

”

x We show that the absorption-dependent term is a consequence of phase ‘
< changes that occur during multiple reflections within a structure having a s
:f complex index of refraction. _‘:':
Sy -
N pe
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We also derive a condition for maximizing the reflectivity in
secondary degrees of freedom other than the period length (egs. II-2-41
and 42); this is a generalization of a result for bilayer structures that
has been derived by Vinogradov and Zeldovich (1977). We show that these
secondary optimization conditions cbtain only when the period length of
the structure is already optimized.

We used these computationally simple optimization conditions as the
basis for a computer program that searched for new multilayer materials
cambinations (see table II-2-1). The nominal reflectivities attainable
with these new materials are usually significantly higher than those
attainable with the more common materials choice of tungsten and carbon
(the reflectivities of the new materials cambinations are plotted in red
in fig. 1I-2-4, the maximum reflectivities attainable with tungsten and
carbon are plotted in fig. I1-2-5).

Nickel is found by the search program to be a good high index

material for the region around \ = S0A. (Nickel is not included at SO0A
in table II-2-1 because table II-2-1 lists only the best caombination for

each wavelength; however nickel was first choice of the search program at
SO0A when the program was modified to maximize integrated reflectivity).

In a preliminary effort to test this prediction of our search
program, Spiller (1982a) has made an evaluation of the effective roughness
in individual nickel layers using a technique described in Broers and
spiller (1980a, 1980b). He has found that nickel layers appear to have
approximately the same low level of roughness as do carbon layers.
However, with that partial exception, the results of table II-2-1 have yet
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to be tested experimentally.

In sec. 1I-3 we discuss the approximate scaling of the reflecting
properties of tungsten-carbon multilayers with wavelength, 2d-spacing, and
angle of incidence. We show that the optimum ratio in thickness between
high and low index layers does not depend strongly on wavelength. (It is
also independent of 24-spacing, angle of incidence, and polarization.)

We show that the number of layer pairs N required to approach
absorption-limited reflectivity (as distinguished fram J, the mumber of
layer pairs actually present in a particular sultilayer), is approximately

(m-1-2)

For a given 2d-spacing N is thus approximately independent of wavelength
and angle of incidence. Eq. IV-1-2 also implies that the spectral
resolution § \ / \ scales quadratically with 2d-spacing.

In eg. II1-3-23 we show that the acceptance angle in radians of a
tungsten-carbon multilayer scales approximately as

-6
§6 & 51s210

(m-1-3)
FwnM

and thus has a symmetric character in the grazing and normal incidence
regimes. (In these two regimes the acceptance angle is also larger than
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at intermediate angles of incidence.)

In sec. II-4 we discuss the utility of defect-free designs that are
non-periodic. Through a cambination of mathematical demonstration and
numerical simulation, we find strong indications that the use of aperiodic
designs will not yield increased reflectivities in the x-ray regime.

In sec. II-4 we show that non-periodic multilayers which are
optimized in the layer-by-layer fashion discussed by Carniglia and
Apfel (1980) will not be able to attain quite as high a reflectivity as
will the optimum periodic structure. (For example, in a 67.6A
tungsten-carbon multilayer, AR / R & 0.15). Multilayers made with the
in-situ reflectance monitoring technique devised by Spiller et al. (1980)
will also suffer this slight loss in reflectivity relative to the
theoretical limit, unless the deposition conditions are adjusted slightly
in compensation.

In sec. 1I-5 we use our formalism to analyze the problem of randam
thickness errors in the layers of an x-ray multilayer. We treat the wost
straightforward case in which the errors in the different layers are
random and uncorrelated, (we refer to this case as "accumulating”
thickness errors).

We have been able to significantly extend previous work on the
problem (Shellan, 1978). Except in assuming a small coupling constant,
Shellan's perturbation treatment does not apply to the x-ray regime where
absorption, and cperation away fraom the dielectric Bragg condition, must
usually be considered. Further, our analysis is not based on a
perturbation treatment, SO we are able to consider errors that are large
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enough in camparison with the layer thicknesses to cause a substantial
degradation in reflectivity.

Our treatment is based on a decomposition of the amplitude
reflectivity into what are essentially coherent and incoherent parts;
 ® <p> + § . By neglecting cubic and higher powers in § we obtain
a solution for the coherent reflectivity <p > that is rigorously
accurate in the limits of both large and small thickness errors, and that
tends also to be quite accurate in the intermediate regime.

This solution is presented in eq. I1I-5-42; an approximate
steady-state version that has a qualitatively correct scaling is here
reproduced fram eq. II-5-27

fr+ip |‘/4

|<9>|z =
2 efe
(co>-u) ¢ (<ag*>su’)” E 14

Here A” is essentially the absorption per cell (defined in
eq. II-1-15), and <Aqa> is the variance in the unit cell thickness
caused by the randam errors (<Aq>‘> is in phase units as defined in
eq. I1-5-3).

The i’ in the denominator of eq. IV-1-4 represents the limitation
imposed by absorption on the number of layers that can participate in the
coherent reflection process. Through the <A 9‘> term, the thickness
errocs thus impose a parallel limitation on the mumber of participating

layers; this second limitation results fram the random-walk accumulation
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a.'&' n_! t_’ Yo "

-";;".'llgl":.‘ .'...v

o of dephasing.
"::: Our solution for the incoherent reflected camponent is given in
.-i“ eq. II-5-45; sec. II-5 also contains a discussion in physical terms of the 2
| generation of this component. In eg. II-5-49 we derive a tolerance on the .
"'3 RMS random thickness error per cell O allowed in x-ray multilayers ;
% :
ot %
T, < 3210 (2d,) (m-1-5)
ol (A) ~ (A)
N 5
:
. Spiller et al. (1980) have developed an in-situ reflectance
.“:; monitoring technique (ISRM) that eliminates the random-walk accumulation h
'E'- of dephasing; this group has verified experimentally that ISRM \,
~4 substantially increases the number of layers that can suc.oessfully be *'
S fabricated in an x-ray multilayer. v
23 In order to provide a quantitative explanation of this effect, we '
A attempt in sec. II-6 to model the camplex ISRM process. We refer to the N
. .' residual kind of thickness error that can cccur in such multilayers as .
’,‘ *non-accumulating” thickness errors.
:.'?2 In eq. II-6-15 (together with eqs. II-6-6,7 and 8), we present a :f
difference equation that propagates the expectati~m value of the amplitude
: reflectivity fram cell to cell in the presence of non-accumulating errors. ::
) (This equation is deterministic in the sense that it contains only the ‘
variance of the random errors).
:
i =
3
¥ N
' -
- [
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This equation is only applicable under special conditions;
specifically, errors in the high-index layers (which are truncated at
well-defined points on a strong ISRM signal) are considered to be
negligible, and the ISRM beam is treated as linearly polarized. (In
addition the equation assumes the same Gaussian statistics for all layers,
but in this respect the analysis is readily generalized.)

In sec. II-6 we also present a phenamenological treatment of
non-accunulating errors that can include both the effects of errors in the
high index layers, and of an unpolarized probe beam.

In the steady-state limit that the number of layers is large, the
reflectivity under our phenamenological model satisfies a Darwin-Prins
solution. In the special case where the errors in the L and H layers are
equal, this solution is

R = (E-1-6)

Here < ;" > is the variance in the phase error for each interface.
According to eq. IV-1-6 the reflectivity in each cell is degraded by a
Debye-Waller factor; such a factor also represents the degradation in
x-ray reflectivity that results fram the random displacement of the atams
in a diffracting crystal (James, 1965, chapter V).




Debye-Waller factors can also arise when multilayer reflectivity is
degraded by interlayer diffusion. If \ « multilayer suffers diffusion of
a kind where its ideal, sharp-interface structure is convolved with a
smoothening function, then the reflectivity of the cell (r, in eq. IV-1-6)

will be multiplied by the transform of the smoothening function (the
transform will be a Debye-Waller factor if the smoothening function is
Gaussian).

Thus, interlayer diffusion as well as non-accumulating errors can be
modeled with expressions like eg. IV-1-6.

This implies that the unit cells in the randomly disturbed structure
interact together in the same way as do a corresponding set of cells
having an "averaged” structure. This can be shown to be true because the
incoherent reflectivity '6 of the randam structure is quite small with
non-accunulating errors.

We should acknowledge at this point the previous treatment of
interlayer diffusion made by Underwood and Barbee (1982).

They treat the problem of reflection from a diffused multilayer by
modeling each graded interface as a stack of very thin hamogeneous layers
("laminae"). They then propagate the amplitude reflectivity through each
of the microlayers mmerically using the standard (non x-ray) Airy
recursion formula. Such a treatment will be broadly consistent with the
treatment we have made, 30 long as the interfacial gradient is chosen in
such a wvay that the total mass per unit cell is independent of the extent

of diffusion (i.e. t, is constant).




One limitation of the analysis presented in chapter II is that the
multilayer structures considered are all one-dimensional; i.e. the

structures vary only in the direction normal to the substrate. This
limitation is fundamental to the characteristic matrix formalism (Born and
Wolf, 1975, p.51).

. At the present early stage in the development of x-ray multilayers,
this limitation has not proven unduly restrictive, since in chapter II we
have been able to significantly extend previous analyses of a number of
basic effects that are only beginning to be investigated experimentally.
However, in the future the one-dimensionality of the formalism may prove
more restrictive.

Eastman (1978) has shown that one can apply what are essentially
algorithms for the analysis of one-dimensional thin-film structures to the
analysis of multilayers containing interfacial roughness (a
three-dimensional structure) in the special case where the roughness has a
very gradual variation within the layers. We have used similar physical
assumptions to make a preliminary investigation of roughness in x-ray
multilayers; this investigation is discussed in sec. IV-2 below.

Another limitation in our analysis is that it requires that the
interaction of each unit cell with the radiation field is weak. Our
formalism therefore becames invalid as the grazing incidence regime is
approached; the fractional error e introduced with our formalism is of

L . ., =

order

|al

e ~ —3 (m-1-7)

..........................
e e e T T T AT e Rt e T T T T e T T T T Tt T et T
-----------------

pip” T S HPEEELEC NN TV LY SR TV e T VN Ak,




where § is the angle of incidence to the surface in radians.
Pinally, we note that our analysis of non-accumulating thickness
errors is somewhat more tentative than the other topics treated. This may

be a useful area for future research, but the complexity of the ISRM

process suggests that a more detailed analysis is likely to be most
successful if made in conjunction with a parallel experimental

investigation.
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oy In Chapter III we discuss applications for x-ray multilayers. We [
_1-‘_ o
-’E £ind that in general, the reflectivity of multilayers will be strongly ]
o limited by absorption throughout the soft x-ray region. Our calculations
-

indicate that the absorption-limited reflectivity can be at most 0.8, and

‘Qi that reflectivities will usually be considerably lower unless new

3 materials cambinations prove feasible.

L The weak interaction of the layer materials with the radiation will
: cause x-ray multilayers to have a narrow spectral bandwidth. However, at
§'~1 longer wavelengths (A~100A), and at normal incidence, a multilayer

N focussing element can have a fairly large aperture (typically £/3).

- The multilayer acceptance angle decreases as the 2d-spacing or angle
'{S of incidence to the surface is reduced (so long as the latter is greater
oA than 45 ). If the wavelength is less than about 40A, structural defects
. are likely to prohibit operation at normal incidence. The largest

::" possible acceptance angle is then cbtained near grazing incidence. At

2.7 such angles, geametrical aberrations impose strong additional limitations
£ on the performance of focussing elements.

e We should note that despite these limitations, multilayers are likely
f: to prove quite attractive in comparison with alternative optical

é: technologies for the soft x-ray regime, in certain applications.

T Chapter III discusses the specific application of multilayers to the
f;‘ problem of constructing an optical cavity for future x-ray lasers. The
3'_'1 most pramising cavity configuration appears to be one based on multilayers
‘ whose structure is optimized for maximum reflectivity at normal incidence;

in such a cavity each single loss upon reflection is compensated for by a
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pass through the swplifier. The tolerance on systematic error in
d-spacing that must be satisfied to achieve resonance at normal incidence
is (reproduced from eq. III1-2-1)

- -§ 3
‘ [ ] = .3 x ® LD
dw i 10 (Zdw) (Z-1-2)

Damage may be an important consideration in an x-ray laser cavity.
As an example we consider preliminary experiments carried out at the
Laboratory for Laser Energetics (LLE) of the University of Rochester
(Bhagavatula and Yaakobi, 1978, Conturie, 1982); we estimate that if these
experiments can be scaled up to produce a true x-ray laser, the
permissible thermal locading on the mirrors will limit nanocsecond x-ray

laser pulses to energies of order 8:10°° Joules.

Since, in the scheme considered, the beam aperture will probably be
considerably smaller than the mirror substrates, it may be possible to use
the mirrors in a quasi-one-shot mode, in which only a small portion of the
substrates are exposed in each shot.

The most attractive alternative to a cavity configuration based on
normal incidence multilayers may be the ring cavity devised by Bremer and
Kaihola (1980), in which a large number of specular reflections are used
to return the beam to the amplifier (fig. III-2-2b). We have written a
camputer program to search for optimum materials for the ring cavity; the
results listed in table I1I1-2-1 indicate that efficiencies as high as 0.4
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may be possible.
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In sec. II1I-3 we consider the possible use of x-ray multilayers in a
Kirkpatrick-Baez short-wavelength (A & ﬁ) x-ray microscope (Kirkpatrick
and Baez, 1948). At present such systems use single layer coatings
jlluminated at very glancing angles. Multilayer coatings might be useful
as a means of operating such a system at an increased angle of incidence
to the surface (this would reduce the geametrical aberrations of the
focussing elements); however our analysis of the LLE system indicates that
one will have to accept a trade-off between collection aperture (limited
by spherical aberration) and field of view, since the larger angles of
incidence that will reduce spherical aberration will also reduce the
acceptance angle of the coatings.

We have designed multilayer coatings to convert the Kirkpatrick-Baez
system in use at LLE to operation at 1.663. The principal difficulty in
fabricating such a coating is likely to be the need for an absolute
thickness accuracy of about li per layer (the layer thicknesses are about
40A), with the exact thickness required being strongly dependent on the
optical constants of the layers. The tolerance is determined primarily by
the need to accurately align the narrow zone of high reflectance with the
optical axis. '
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Section IV-2 ~ Suggestions for Puture Work

Part A) Interfacial Roughness

As x-ray multilayers came into wider use, there is likely to be an
increasing interest in using experimental measurements of performance to
characterize multilayer structures in detail (see part B below). The
methodology and analysis presented in chapter 1I provide both tools for
such future modeling, and an indication of the range of effects that will
have to be accounted for. '

With the possible exception of our neglect of interfacial roughness,
we have attempted in Chapter II to form more or less as camprehensive a
theoretical treatment of x-ray multilayers as is reasonable at the present
early stage of experimental investigation.

Multilayers containing interfacial roughness will have a
three-dimensional structure, to which the ane-dimensional formalism of
Chapter I1I can only be applied in special cases. PFurther, in the absence
of contrary experimental evidence, it is impossible to rule out any of an
enormous range of possible magnitudes and statistical correlations for the
roughness; these parameters might vary fram interface to interface, and
the statistical correlations might extend between the interfaces as well
as within them.

In this section we present a brief summary of a preliminary
investigation we have made of certain limiting case roughness models (see
£ig. IV-2-1); these models may be representative of ‘the categories of
roughness that could be encountered in practice, so that our analysis may
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!

4§ serve as a basis for future work.

‘3’ Eastman (1978) has developed numerical matrix methods to treat the

™ effect of interfacial roughness in optical multilayers. We have used

‘ similar physical assumptions to treat certain kinds of roughness in

. periodic x-ray multilayers analytically. These physical assumptions are

discussed more fully in Appendix 14. 1In effect, cur model assumes that

‘. the near-field reflected amplitude above any point on the multilayer's

;i surface can be calculated (in principle) by inserting local values for the

2 layer properties into a one-dimensional formalism. Such a scalar model of
the roughness requires that the transverse autocorrelation length of the

by roughness be large campared to the layer thicknesses. Carniglia (1981)

;‘j provides a review of Eastman's formalism and physical assumptions, and

? extends Eastman's formalism to the treatment of what he calls “"additive

. roughness® (which we call "roughening films"; see below), and bulk

T scattering.

Elson (1979) discusses the limitations of scalar scattering theory in
compar ison with more rigorous theories (in the context of single-surface
k! reflection). In general, we expect the scalar theory to be best at

!
;ﬁ predicting total specular and diffuse reflectivities, and at predicting

)

; the angular distribution of the diffusely reflected beam at angles close
%! to the specular beam; it cannot predict polarization effects.

::; We also note that the use of a one-dimensional scalar formalism to
)

\ treat the field within the multilayer is shown in Appendix 14 to be valid
, only when the separation between the specular and diffuse beams is within
t.': the acceptance angle of the multilayer. Since the acceptance angle is

~

Zi likely to be of the order of the field of view in imaging applications,
‘1

"
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the scalar model is applicable to the problem of resolution degradation
via scattering.

One disadvantage (in the x-ray context) of existing vector analyses
of multilayer roughness is that they are f:lut-o:der perturbation theories
(Elson, 1977; Bousquet et al., 1981; Elson et al., 1980), and so cannot
treat roughness large encugh to substantially degrade the reflectivity.
In addition, first-order perturbation theories take the scattered besm to
be driven by the undegraded one-dimensional electromagnetic field. They
therefore d not cslculate the change in transmission or absorption of
this one-dimensional field, and so cannot be used to calculate the
degradation in specular reflectivity. '

Eastman's (1978) matrix method is based on what is in essence a
sophisticated Taylor expansion (carried out in a one-dimensional
formalism), of the reflectivity in terms of successive powers of the
interfacial displacements that correspond to the rough features. Eastman
derives systematic mmerical procedures with which to evaluate the terms
in such an expansion. At second order one can abtain the lowest order
term for the degradation in specular reflectivity.

In the x~ray case, our analytic expressions for the reflectivity of
rough periodic multilayers do not result from any kind of expansion of the
reflectivity in terms of the roughness heights, and so we can readily
treat the effect of large roughness.

One kind of multilayer roughness that has been treated with the
scalar theory is that which Eastman (1978) calls "identical films", in

which all layers are considered to reproduce a conmon roughness profile
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(generally that of the substrate, see fig. IV-2-1). The autocorrelation
length of the roughness in the longitudinal direction is therefore very
large. Haelbich, Segmuller, and Spiller (197:'@, and Barbee (1982), have
modeled the observed degradation in x-ray multilayer reflectivity with the
same expression as results from the identical film model (eq. III-1-1).

The analysis of the identical films case is the same in both the
x-ray and optical regimes. Essentially, the near-field reflected
wavefront is found to undergo the same kind of phase deformations as does
a wvavefront reflected fram a single rough surface.

We have modeled two kinds of non-identical roughness in which the
longitudinal autocorrelation length is very small, so that the roughness
contributions from the different layers are either completely
uncorrelated, or correlated across only a small numwber of layer pairs. We
refer to the two as "roughening films"™ and "smoothening £ilms".
Roughening films and smoothening films have been analyzed by Carniglia
(1981), who refers to them as "additive™ and "uncorrelated” roughness,
respectively. We have also modeled rough films of a kind we call
"columnar £ilms" which, like identical £ilms, have a very large
longitudinal autocorrelation length. The four roughness models are
illustrated schematically in fig. IV-2-1.

In the case of roughening films, we assume that the errors in the
local layer thicknesses above each point on the surface cause a cumulative
dephasing, 8o that the absolute roughness of the top layer increases in a
randan walk fashion as more layers are added. One may consider the
formation of these films to be such that the granularity introduced by
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each layer is added independently to a baseline of roughness established
by preceeding layers.

Under the assumptions of the scalar model, the near-field amplitude
under roughening films is given by our solutiom for one-dimensional
accumulating randam thickness errors, derived in sec. II-S5. The far field
coherent amplitude reflectance is cbtained by evaluating:

<ol A, §)> =

I-4

cos 6, 2i > Ag (xy)
dxdy | <p (x,y)e w2 ¥ >

Ara 7

~ikxaBcosh -ikye
L} e

We have defined <@ (A6,9) > in such a way that its magnitude
squared is the far-field power per unit area divided by the incident power
per unit area. 1In letting the limits on the integrals go to infinity, we
neglect diffraction fram the edges of the multilayer.

In eg. IV-2-1, x and y are coordinates along the surface, r, is the
distance from x,y to the observation point, and Q, (x,y) is the
near-field amplitude as measured at the upper surface of the multilayer
(£ig. Iv-2-2). This upper surface is rough, so the factor

I3
cxp(z: E:A';("’ )) must be used to propagate 9: (¢,y) to a mean plane,
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‘3 where the far-field amplitude can properly be evaluated via the Pourier
t transform. This equation is derived in wore detail in Appendicies 14
[e
and 15. Similar results are derived by Eastman (1978) and
' { Carniglia (1981).
j:‘ We assume that the statistical properties of the roughness do not
" vary across the surface. Thus, assuming as we have that the expectation
a value can be interchanged with the transform, the transform's argument is
~
Y independent of x and y, and <p(A0,¢)> will be a delta~function of
the angle of reflection. (As noted, we neglect diffraction fram the
mirror bomdarie_g.)
ui¥ oS¢ 2 '
s | < pe =t x > | can therefore be identified as the specular
., J
I reflectivity. The assumptions of the scalar scattering theory thus permit
: reduction of the problem to one dimension, where our difference equation
)
™ formalism can be exploited. Our expression for < ¢ e"'.t.;A'- > in
1 . 4
X the soft x-ray regime is derived in Appendix 15, and is
o
g
. 2i2 A (s,7)
2 <p (syre & >
N s
Ny
N . 2is-n¥ e-z(.r-u<a,‘>
) ~2(3-1)<L¢g 2> e -
= <pd>e " eacagd> < "
- it + <A >
:{'! 1 Tep <od>
LTS - S ————————
. 2(3-005 <o e<ags P
-.{:\ -<p>e ' '
x
- (m-2-2)
| where <Q> (the near-field coherent reflectivity) is given by
3
)
p

L
.




.
¥ “~
;'J eq. II-5-35, and § s given by eg. II-5-15. This expression asumes that
}: absorption has reached its steady-state value.

¢
5‘: A diffuse beam is also present. The total intensity of the diffuse
. and specular beams is determined by the total absorption, which is the
’ same as in the case of one-dimensional randam thickness errors

‘"..l

(m. II’S) . L4

The diffuse beam can be regarded as radiation that has been

T"v

;ﬂ’p diffracted fram the rough structure impressed on the near-field reflected
’ wavefront. This rough structure is represented by variations in the

Ay

' near-field phase and amplitude, which are caused by rough features in the
4 underlying multilayer. The transverse scale-length of these features

b

1 determines the angular spread of the diffuse beanm.

% If, under roughening films, the transverse variations in layer phase

) thickness obey a Gaussian bivariate distribution with autocorrelation

]

:i C, (v), where

o5

]

' , 2

3 CT(V) E <Aq.(x,y) Aq‘(l,y)>/<A? >

f‘.‘

o, (I-2-3)
x:».:

with

s
v = j(l-x’)‘f (7-")‘ (W-2-4)
Y
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then we find (Appendicies 14 and 15) that the diffuse beam is given by

dw zxmeo - ® 4 v
—_— | dveve <L SJ“’” E x yh)>

Diffuse

W, dn A2

RN (a—” fco.s‘@, Ae‘w‘ v)
(m-2-5)

vhere W, is the incident power, AW is the power scattered into

Ditsuse
the solid angle ) = 4(A0) dg, and where, for roughening films, we

have defined

2t 3-1
22 Aegixry 212 Agqiny
=

~ Kal X xzd x
= e -
33(:,,) R, (%) <93(x,y)e >

2

o

fonny

L
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We find (Appendix 15)
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.] We have also developed an analytic model for the kind of roughness we
3 call "smoothening films® (fig. IV-2-1). Such £ilms may be considered to

have a leveling nature during some stage of formation, but to nonetheless
) possess an intrinsic roughness after formation is complete. We consider
, the resulting rough interfaces to vary randamly with zero mean about the
J‘ defect-free interfacial planes.
A We therefore assume that an error in the local thickness that a layer
3 has at scme position on the reflector will {on average) be compensated for
g in the thickness of the next layer deposited.
) Smoothening films are thus analogous to non-accumulating randam
¢ thickness errors under the phenamenclogical model of sec. II-6-C. The
3
L mathematical analysis of smoothening films is carried out in Appendix 14.
! We show there that the specular reflectivity in the presence of
s smoothening films is given by
’
‘a

| x
» S ( ziS(K-l))/( >z zZS(K-x))
- - e

1 <p,> = <p,> \1-e 1-<p,,
: (m-2-9)
3
vhere
S,
3 : :
e ( -24§ >) (fz 2 -4<§ > )
b (9“> = (re t, -7, e - t,
%

e
f

(m-2-10)

A
o
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IV-2-13

- .
§ =2 -t -re < 9“> (W-2-141)

Eq. IV-2-9 assumes Gaussian statistics for the roughness. (;z > 1is the

variance in the phase error per interface. :
In the case of mmoothening films we have made a preliminary

investigation of the effect of finite longitudinal autocorrelations on the ‘

magnitude of the diffusely scattered radiation; in other words, we allow
the rough features in the interfaces to be correlated across a small ol

number of layers. The reflectivity of the group of layers within one }.
longitudinal autocorrelation length must be small compared to one ' '
(implicitly defining an upper limit for the autocorrelation length), and, :.:;;Z#'

at a minimum, the roughness must be strongly correlated across the two o
interfaces of at least one of the two layers in each layer pair.
We find that the fraction of the total power scattered into the

diffuse beam is
w (v e <*> 2
e = (10 <p>]*) A- 28Re (<p>") %

wo 43 y z '

(Im-2-12)
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where

r223 (e

4 2
A = (e‘<; >-1) s 4(‘)6‘.(8)-1)

(m-2-13)
B = (1-[‘(;1)) 25

Ss4

(1 o > ¢ m)

Bere Ct (s) is the longitudinal autocorrelation function defined by

< 8.5 = C ) <>

(¥ - 2-14)
|k- k|

()
m

(Gaunim_mtiltics are again assumed). If C . (8 has a width "r" ¢
the mmber of cells within one longitudinal autocorrelation length will be
of cxder 28 1 +1 (s is non—negative). According to eq. IV-2-12, the
diffusely scattered intensity will scale approximately linearly with this
quantity.

In the case of longitudinally uncorrelated roughness, the angular
distribution in the diffuse beam is given by eq. IV-2-5 with the kernal
(for smoothening films)

CFun§ely)> ® <Fo e,y >

(continued on next page)
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2
3 =2< > (2-C (y) .
= [l*.l e T sink (2<6%> ¢ )

- g v
x(1-2Re|<gd| ™ <F >4 ’*l<e>|‘)]/2?'

{(IX-2-45,
continued)

Here C, is the transverse autocorrelation function defined in eq. IV-2-3.

The roughness height necessary to cause a given drop in specular
reflectivity is much larger with smoothening films than with roughening
films, because the thickness errors @& not accumulate (see fig. IV-2-3).
(In the case of roughening films, the horizontal axis in the figure
represents the RMS roughness increment added by each unit cell.)

The leveling property of smoothening films causes the intensities of
the diffuse and specular beams to became equal only at a level of
roughness where the total reflectivity has been decreased quite
substantially (via an increase in absorption). In contrast, with
roughening £ilms, the two became equal at a roughness level where the
total reflectivity is only moderately decreased. With identical films,
the total reflectivity is unaffected by the magnitude of the roughness.

With films of both the roughening and smoothening types, the total
absorption reaches a steady-state level as more and more layers are added.
However, in the case of roughening films the proportion of the reflected
radiation in the specular beam steadily decreases, since the upper
surfaces get steadily rougher.




SPECULAR REFLECTIVITY (absolute)

(For roughening films, abscissa Is roughness increment per cell)

REFLECTION INTO SPECULAR BEAM
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EFFECT OF ROUGHNESS -

e

0.3

0.2

0.1}

W/C Multilayer

dw=76AR d.=265A4
6=0° 250 layer pairs

A=676 A

“Smoothening Films”

“Roughening Films”

l 1 1 1

Jdentical Films”

1.0 20 3.0 4.0

RMS ROUGHNESS PER UNIT CELL (A)

Figure 1V-2-3

e'r'a A

".-l‘ A. l‘ l‘
13 WXXA

RN

[

ANAS -

Tl e o el

AP
o, 1



........................

y - ey i T 0 R L il L el Y . e T W
T R N T P T Y T A e e e e . Y A AN Y TS At A Al Al Nl T TPl i A i i S A S S S DAOe

g
N ™v-2-17
:
;! The acceptance angle of multilayers with smoothening films is not ;f.:?
3 greatly influenced by the RMS magnitude of the roughness. In the case of
) roughening £ilms, the acceptance angle is increased in samevhat the same e
. j way as would be caused by an increase in the layer bulk absorption .-1
; We note that the effect of smoothening films is very similar to that
of interlayer diffusion. As in the case of non-accumulating thickness -»
g errors, this is a consequence of the relatively small intensity of the :
X diffuse or inccherent beam. The intensity of the diffuse beam will x
usually be small campared to that of the specular beam under smoothening -
films, even though the specular reflectivity may be considerably less than ,
it would be in the absence of roughness. The main effect of the roughness
: in the smoothening films case is to cause an increase in absorption, not o
N an increase in scattering. This is because the diffusely scattered .;.‘:‘
\"E camponents fram the different interfaces add incoherently, and incoherent ':
% scattering is a weak process in the x-ray regime. ‘_i:_'.j-_;
Tt
:
; 5
t.k -
: .
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o,
3:3. We have also made a preliminary analysis of a kind of roughness we ]
.’ii call “columnar films® (fig. IV-2-1). Bere the growth rate of the films is :j.:
Nt assumed to vary randomly across the substrate surface, 8o that the -
~"‘§ roughness of the upper interface increases linearly as more layers are @
~%
{:E added. Such a linear increase has been cbserved in thin single films of
b3 Au and AuPd (not multilayers) by Broers and Spiller (1980a, 1980b).
. In the case of columnar films we have only calculated the specular .
g’ . oy
Eg reflectivity, which wve show in Appendix 15 to be given by (assuming -
8 Gaussian statistics) o
<
;{3: . ~2i<t> (3-4) - <t>z/2.n."< ax"> 3
..‘:. < > = 1<t> e e C\
I ¥ eo,:r ( -2i<¢>(3-4) ) T ~
Kt i-e /zn <Ak™> -
; Ws:.l

3

] §( <> )_§ i<e> .
Ju.‘«s K*> Jzn‘<AK‘> "< ) NG

..s
A
7 3
alass

2t

‘l ‘-: : *
K, (w-2-16) 3
i1
s e
-o.:. z :‘-:
vhere L I is the defect-free solution of eq. II-2-13, <AK > is the -
’ 2 2 .
N variance in growth rate (i.e. <Ad >,/ <d > ), and § is the error g
b, 2N
2 function in the camplex plane o
‘A ~ A
X
w N e
o 2 -2 r
q,':: -2 =
o 3 (w) = = jdxe (m-2-17) \
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where the path is arbitrary. Bq. IV-2-16 is based on the approximate
results in egs. 1I-3~1 and 2, and »o is less accurate than the results for
smoothening films and roughening films. Bg. IV-2-16 is plotted for our
usual exanple (tungsten-carbon multilayer at 57.63) in fig. IV-2-4.

In terms of the above comparison between roughening films and
smoothening films, the characteristics of columnar films tend to resemble
those of roughening films; however the scaling with roughness height and
with J is different.

We note that the effect on specular reflectivity of substrate
roughness acting in cambination with any of the other three roughness
models may be modeled by multiplying the specular reflectivity by a
Debye-Waller factor. (More precisely, this represents the uncorrelated

superposition of an invariant roughness profile of the identical films
kind with one of the other types of roughness). Such a cambination of
identical films and roughening films has been termed "partially
correlated” films by Elson et al. (1980).
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i Part B) Puture Work

" Our analysis suggests that different kinds of defects in x-ray

:5 multilayers may produce characteristic signatures in the reflecting

E: properties. Such signatures might enable cne to evaluate the reflecting

structure present in a particular multilayer.

-::_ We will now summarize these characteristic properties.

‘E? Accunulating random thickness errors (one-dimensional) will produce
? no diffuse beam, but will produce a significant anamolous broadening of
._ the bandwidth as the 2d-spacing is decreased. (However, this broadening
‘._ will be relative to the trend of eq. II-3-21). Non-accumulating

:-‘f:.' one-dimensional errors will likewise produce no diffuse beam, but will

i produce a smaller change in bandwidth than accumulating errors,

: particularly at longer wavelengths.
_;_ Smoothening £films will have a very similar effect on reflectivity to
‘.:: non—-accumulating thickness errors; the main difference being that
smoothening films will also generate a diffusely scattered beam of low

5.;3 intensity, but in practice this weak and spatially dispersed beam might be
masked by background.

o Roughening films will have the same total reflectivity as will

?:' accumulating one-dimensional errors, but the fraction of this intensity in
\ the specular beam will steadily decrease as the number of layers is
increased.
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’ If absorption has reached the steady-state with roughening films, the \‘
aiffuse radiation vill equal the specular radiation at a relatively small b
) roughness height; in other words, as 24-spacing is reduced, the diffuse _‘
" 4 and specular beams will became equal at a point where the total reflected ,
“j radiation has decreased only slightly. In contrast, with smoothening )
e films the two will became equal only when the overall reflectivity is very c
. much less than that of a defect-free (large 23-spacing) structure. ',-_;.
& Our analysis suggests that non-accumulating defects of all kinds will
.‘2 have very similar properties. If we consider the progression of such :
- defects from the case of interpenetrating rough features having transverse \
"' widths small campared to a wavelength (interlayer diffusion), through the E:j_‘-
;’: case of roughness intermediate in transverse scale between the mirror
& substrate and the radiation wavelength (smoothening films), and on to the ‘.
{1 case where entire interfaces are randomly displaced relative to the
.‘.3' substrate (nom-accunulating thickness errors), then throughout the
'1 progression we find that the coherent beam remains virtually unchanged,
oy and that the incoherent beam remains of low intensity, while it changes _
: from an evanescent wave to a diffuse beam, and finally to a weak component \
::\ in the Bragg direction. The low strength of the incoherent camponent
would make the different non-accumulating errors difficult to distinguish \
? in practice.
:— Identical films are different fran the other kinds of roughness in
that the total power in the diffuse and specular beams is unaffected by e

2 & the roughness.
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\ Columar films appear to have qualitatively similar properties to

}: roughening films (our examination of columnar films is less complete than
that of the other roughness models). However, the scaling of roughening
W films and columnar films with the total number of layers J is different;
;E thus to distinguish the two kinds of defects me could campare the

: constancy as J is changed of best-fit values for sigma determined with the
i two models (say by changing the 24-spacing).

Ef We do mot wish to downplay the difficulties associated with the

§: measurements suggested by the above characteristics. Any method involving
e measurement of an incoherent component of radiation that is scattered very
:” close to the specular beam will call for careful experimental technique
:3; and judicioud interpretation (for example, in a practical case the

& specular beam will probably be in the near-field rather than the far

- field).

- :: We should mention the possibility of direct measurement of any

3‘_, roughness that may be present. At the point where they cause a

i substantial degradation in multilayer reflectivity, roughness of the kinds
;33 considered would produce 2 - 10A RS roughness in the upper interfaces of
90 a sultilayer with a 28-spacing of ~ 100A.
Such roughness heights are at the periphery of what is measurable

,.‘,‘ with present technology, depending very much on the transverse scale

,:-‘j length of the roughness (Stedman, 1981, Price, 1982).

‘:_ We also note that an experimental investigation based on qualitative
signatures such as those above will be considerably more difficult if the
':E structure contains more than ane kind of defect in significar:
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"‘ peoportions.

‘ An cbvious motivation for such a study is the possibility that the

b results would suggest changes in the fabrication procedures that could

e lower the magnitude of the defects.

'5 Another possibility is that a detailed understanding of the

Ne structural defects present would permit campensation to be made in the

~ design of the multilayers. Modest gains in performance might be cbtained

; : in the presence of accumulating errors, or with non-accumulating errors
s.‘ under low absorption conditions, by choosing a structure that produces a
* camparatively large reflectivity from comparatively few layers. Such a

: structure would cause too large an absorption to provide optimal

3 reflectivity with a large number of layers if no disorder were present;
o however it might provide the largest reflectivity possible in the presence

‘ of disorder.

-;; Our work also suggests that examination of new multilayer materials
: may prove fruitful. Table II-2-1 (and a more lengthy version that lists

nultiéle possibilities at each wavelength) suggests materials cambinations

; f? that are worth investigating.
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Appendix 1 - Perturbation Solution for the Unit Cell of an X-Ray
Multilayer

Born and Wolf (1975) show that the characteristic matrix solution for
the unit cell of an x-ray multilayer (in P polarization) can be obtained
by solving egs. 1I-1-4,5 subject to the boundary conditions of eq. II-1-6.
(These equations assume that the magnetic permeability is one at x-ray
frequencies). The case of S polarization will be treated later.

IARAA Ok - §
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NN RN . §

As discussed in sec. II-1-B, our solution will be first order in the
parameter A, first order in the product ¢-A, and will retain all orders

of the parameter @ . In fact, the results derived in this appendix will

\

also retain terms of order @™ A, where n may be any integer. However,

’
. 4

e

the analysis of sec. II-4 (where these terms became important) will only

¢ o

n..",.".: [ Ar‘.l. .l ‘

be performed to order ¢- A.
The calculation of the characteristic matrix elements tends to be

+

somewhat repetitive, so we will include few intermediate steps after

»
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calculating the first one or two of these elements.
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The vacuum (i.e. A = 0) solutions to eq. II-1-4 are

B cos(kcos8-2-F)
U‘ (z) = (-1) * cos ©

?
uz (2) = (-1)"!:"" sin(k.cose-z-%)
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A-1-2
for the odd orders, and

sin(kcos@-z- —:—-)

o ke AR o e e
R A N R A

a
U (z) = (-1)% i prr

u,(z) = (-1)9 cos(lgcose-z-%)

for the even orders.

1f we set

d(mé(z)) _ da(z)

2
+ O0(A
dz dz ( )

(A-1-2)

(A-1-3)

in eq. II-1~4, and then substitute egs. A-1-1,2 into all terms of the

differential equation that are first order in A, we obtain

dz? cosé

dA

2 23 B
¢, K cos’0-U, = (-1) 2 —"—'Lcos(k,me-z-%)

"'('1)%‘l 2ik ___z(_zl sin (k.eos G-z-—;—)

d

d"U -
5 Koot u = (-1)F 25 a(2) sin(keos6-2-F)
b 4

el
+(-1) % 2k cosO —‘fz“’m(gma-z%)

(A-1-4)
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A-1-3
for the odd orders, and
510 2
o J u ok
‘-"! 1 2 2 f Zi ® L 4
ety = -eof 25 A sn(kaspz- 2)

’ 2., dalz) ? ;
- - 3 PO o
g o H1)2 Rik = cos(keos8-z- ) 3
T 2
g *u ’
s .| -

2 2 2 - 2 2 4 .
g oz these U =-( 1)* 2k A(z)cos (k cos®-z- =) "
23 ;
8 : O
I dA(z)
5 -(-1)* 2k cos® iz sm(k.cose-z-%) -

o (A-1-5) 5
:::', for the even orders. N
A NG
, ::3 These are harmonic oscillator equations with known driving functions. f;:

The well-known Green's function for such equations is ,
-
“;:; G(2.2) = HI 3 sin(k cos€-(z-2") (A-1-46) &

' 2,2) = z2-2Z -1~ .
o5 ’ k cos & -
459, .

» .
\ ';: Our solution can now be expressed as the sum of a solution to the :,f*
) <
\:7:-: hamogeneous equation plus the integral of the the driving function R
N -
N multiplied by the Green's function. -

: }
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However, the required hamogeneous solution will not in general be the RS

vacuun solution of egs. A-1-1,2; in general the amplitudes of the Y

homogeneous solutions must be altered by terms of order 1 + A, in order
that their sum with the Green's function solution satisfy the boundary
conditions to order A .

Our solution for U, should therefore be of the form

net
U’(Z)=l'1)" I cos(lgcose-z-%)

cos O

z
a2k
+(-1) 2 cose /dz A(z)ws(k cos - z-—)sm(k cosB(z- z))
zl.
z

mel
+(-1) i ' df —— d:(z’ sin (k cos 8-z~ —)sm(kwselz z))
z

zl.
(A-1-7)
for the odd orders, and
U ) = 0% i A sin (K cos62-2)
s cos 6 . 2
” z
-(- 1)1 “,9/Jz’A(z’)sin(lngB-z'-%)sin(lgwse(z-z'))
zl

cos O

*‘(‘1)‘E "g":"/dz' J:z(z) cos(k cos 6 z-—)sm(k cos 6(z- z))
z

¢

(A-1-8)




for the even orders, with the constant A (which is of order 1 + A) still -

to be determined. :‘..
We determine A by finding the solution for the subsidiary field V
that is defined in eq. II-1-5.
Differentiating eq. A-1-7, and employing an integration by parts on )
the da(z)/dz’ term, we £ind for the odd orders:
du 23 ."::
T: = (-1) * Ak sin(k.cose-z--:é) ”
ny z;ﬁ z, ., , @ o
/ s
+(-1)* — / dz'A(z) cos(k cos 8-z F) cos(k casB (z-2)) 2
z, -
zZ=z
my . e ,
+(-1)% Ztk.[A(z)sm(k.cos 8-/~ £) cos(k eos6-(2-2)] :
2=z, :;
n-y £
- 2 ’ ’ i
+(-1) 2 2ik mG[*’t’A(t)cw(k.w9“"%)°°S('swse(z-z)) -
A
L a2 2’ o ' @ . ’ ‘:‘.
+(-1)"% 2ik cas 6 [ dz"A(Z)) sin(k cos 8-z = 7) sin(k,cos 8(z-2)) -
z ;‘Z
4 (A"i'Q) «::.'
du B ¢ '
—J_: = (-1) % k.sm(k.cose-z-f)[A‘rzA(z)] ‘
mes 2
+(-1)2 2ik A(2)cos((k cos0-2-F)+2E
o7
(continued on next page)
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mot z,
+(-1)72 2:!:: (-c—”!; - wsG) fdz A(z')cos(k.ws O-z--z-) cos (k cos6(2-2)
Z

m-1

z
$-1) T z;k:cosef d'A(2) sin(k cos 8-2- L) sin(k 036 (2-2))
I,

(4-1-10, continued)

m4s

dy s _
9 - (-1)3 k sin (k.cose-z-%)[krz(A(z)- A(z‘))]

mes 2i 3 b 4 ,
+(-1) ® -;:%— sin’® /dz'A(z’)cos( k.me-z--})m(k.cosetz-z'))

%

mes z
+(-1)F 2k cos / 424 (2) sin (k cos8-2'- L ) sin (k cos 8 (2- )

%

(A-1-11)
Similarly, we £ind for the even orders
JU‘ - (- %-k ( 4 A
rre (-1)3i  cos(2k cos@-z- 3 )| A+2(a(x)- A(z))

.3 z
2 g
:’6 sinzefdz A(z)sm(k.wse-z'--})ws(k.coselz-z'))

- (-1)" =
z,

»n z
- (-1)7.25&:&0: e / dz'a(Z) cos( k cos 6- z- -;-) sin(k cos0-(z-2)

o (A-1-12)
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Our origin is at z = 0. Making use of egs. II-1-11,12, we have at z = z,
that dU/dz = 1k. A (for all orders), and also

i dU._ A

V@ em €(z) (A-1-13)
Given the boundary condition m. V; 1in eq. II-1-6, we must have

A=¢€(z)=1+2a(z)+0(a") (A-1-14)

Therefore, to first order in A, we have

met

V,(2) = (-1)*T ain(k.wse-z-%)

05 25 ) Gide (43 at)coskcoso -2~ 2 8(z-2
+ (- powrs sin 2 A(z)cos(kcos 'x--z-')co:(k.cos (2z-2))
z
&

(A-1-15)

for the odd orders, and

- . 4
V(z) = (-1)% cos(kcos6-z-3)

cos P

2
- (-1)% 25 {sin'e dz’a (2) sin (keos 8-2- -})cos(k.cosetz-z'))

z
- cos’G/dz'A (z’)cos (l:.cpse'z'- —;;) sin(k cos@ ‘2'1")}

Z,

(A-1-16)
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A-1-8

for the even orders.

Next we employ the trigonametric identity

sin'® cosa coshb - cos’@sina sinb = 7“{ cos (a+h) - -é—cos 26 cos(a-b)

(A-1-17)

in the odd order case and

sin‘e sina cosb -+ cos’@ cosa sinb ® % sin (a+b) - -% cos 20 sin (a=-b)

for the even orders. We obtain for the odd orders

V()= (-1)"';" sin (k cos@-z - -;-)
mel £
+(-4V 2 ;:k.a- cos(k.co:G-z-%)/dlA (z)
2

4

z
a1k cos 26 ,
- ('1)"‘ ——'"'::e [Jz’A(:’)cos(zk.wsez-(k.coseu -2_!))

z

(A4-1-19)
and for the even orders

V(z) = (-1)% cos (k cos@-z - %)

cos @

z
-(-1)? L sin(k.wse'z-%)fdzlA(zl)
zl

(continued on next page)
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m kcos26 z, , , ¢

+(-1)% *—5 dz'a (z)sin(2k cos8-2- (k cos0-2+ 3 )
z

[}

(A-1-20, continued)
Since our origin is at z = 0, we have using eq. II-1-11 that at

z-z‘.

® L3
sin(kcos@-z-5) = (-1) 2 cosq

cos (kcos 8-z - -zt) = (-1),%&';:9

m-4
cos (2k cos0-2"- (kcos@-2+2)) = (-1)F sin(2kcos6-2")

(A-1-24)

for the odd orders, so that

V‘ (g‘) = -COSP - MSIN® + p

where the quantities .4 and p are defined by eq. II-1-15. 1In a similar

way, we obtain for the even orders

V‘(z‘) = COSP + using +p
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- ' A-1-10

The approximation

COSQ + 4SiNG & cos@ cOSuutrBinmsing = cos(g-u)

= cost
(A-1-24)

has error terms that are of second or higher order in A ; the substitution
is therefore permissable under our approximation scheme.
13N We can therefore write eqs. A-1-22,23 as

V,(z,) = (<1)" cost + p + 0(4") (A-1-25)

Xy &
<y

" ;s’( A Y

VyYy3

30

..
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‘ A-1-11
. We now simplify our solution for U, . Substituting eqg. A-1-14 into
. eq. A~1-7 (0dd orders) and integrating the dA(z)/dz term by parts, we
' obtain
N
Af‘
i () = (-1)F —— (1+2A(2)) s (kcosO-2~ )
o w2k (%, ¢ ,
+(-1)2 ”—,-,-’5 dzA(z)ws(k.cosez--z)sin(k.coselz-z))
= z
3,'-‘ 4
- ’
< w2 , 0 ' rnz
3 +(-1) wosp | A()sin(kcos8z- i—)sin(k.wse(z-z'))] ’
- Z:z‘
S
e z
':’ n-4 . . ’ 2 I ’
5 +(-1)7 2ol:./d: A(z)cos(k.wsez-?):.m(k.me (z-2))
'ﬁq z‘
2
" +-1F 2ik, [ d'a () sin(eos 02~ 2)cas (k cosBez-o
5 ik zA(z)sm(.cost-z)cos(  cos (z-z))
x
(A-1-26)
% or
3
‘:' L ~L I ?
_ Ug) = (-1)F —={(1+24(z)) cos (keasbz-3)
,‘;. -ZA(z‘)sin(-'—;_Eo(k.cost-%))}
33 z
Nl Al z‘k ’ ’
+(-1)%'_ “";9 sin'eﬁz'A(z')m(k.mex--:-) sin(k cos8 (2-29)
- %
',.q
0!

.........
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z
med

+(-1)7 2ik / 4’ A (s sin (k o302~ ) cos (k cosB (x-1)

zl
(A-1-27 continued )

Similarly, for the even orders we obtain

m
U(z)= (-1)2 -;o's-—a {(uz a(z))sin(kcos6z - %)
~24(z)sin (BE + (kcosOz- %))}
B aik *
-(-1)2 ;;’; .sin'G/d:'A(z')siulk‘coSOz'- %):lu(k.coselz-z'))
x‘
- 4 .
+(-1)3 zik.fdz'A (£) cos (k cos 9:'—%)005 (kcosB (z-27)

z,

(A-1-28)

Using the trigonametric identity

sif'sinasinb + cor’@cosa sinh = 4 sin(a+b) -~ § cos 20 sin (a-b)

(A-1-29)

for the odd orders, we obtain

"‘ .

2

med '

Uiz) = (-I)T“—i—a{w:(k.mez- -I-) +(-4)2 ;l“‘tzsinll‘.waz-i’-)jdu:{z)
zl

+(-1)* T d;’s.’n(zk.coseg'.(k.wsaz_ %.))

B4 kcos 20 2 }

Z‘
(A-1-30)




A A T T TR e L e T T T T T N RN T ST VTR AT AT LT

A-1-13

which at 2 = z, reduces to :

S g
N )
P i o
AN L . - de o
& U‘ (z) = Ty (sing - wcosg +v) (A-1-31) o
R4

)
';L". "
N o
f-z (the parameter r is defined in eg. II~1-15). Under our approximation "_f-
N o
X scheme U, can be written Vo

R |
i'f}:i = [} . e ‘
._: U‘ (zz) c—-—”e (sint +7r) (A-1-32) .

XA
’l
'l

) ‘:»::
N Similarly, for the even orders we find by
«‘ v:-;'h

XX ;
Lo B —— i efew o
;3 U‘(z‘) povr (-sint +71) (A-1-33) &

4 ':-:' 80 that our final solution for U, is y
A
¥ =
i m .
3 U = — ((-1)" sint+ 1) (A-1-34)

i 1 Cos & S
“..‘ -.
b i )
ik
e 4
2y -
e
e T
& R
i 3
P
MO
,d‘~ ,.-:
J‘~ by

N W

— A}

n L

a

£
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: A-1-14 -
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M

v
o

't,.-v'_ ..‘; -‘.'-".'...-E_.‘ 1 :..‘ .

We now follow similar steps to obtain solutions for v, and VvV, .

5y l“f’s

The sum of the hamogeneous solution and the Green's function solution

" A o, A

o is, according to egs. A-1-4,5,6 Fo

gl
N N
U (z) = (-1) 2 Bsin(kcos6-z-3) Oy

b e
. 3 1“! ~ od O

/."qu 1‘_—1‘?"'. o - .,_".' e
: - -4 y .

4 z
:.:: +(-4) 2 ;;56‘ dz'A(z')sm(k.wsBz--;:)&n(k.wse(x-z’)) :
£ z, B

., 2
Yom mes / [N
N +(-1)7 2/d;’-‘-3—:—f-) cos (k.cosex'- %)s;.(k.meu-z’)) i

2 x (A-1-35) &"-

o L
g2 for the odd orders (where B is a constant of order {+A ), and Tl

~ 2

y U ()= ()Y B cos (kcosO2- L) n
52k (1 Y

A -(-1)* ‘”'efdz'A {z')ws(k.co:Oz'- -;-) sin (k cosB(z-2)) '\.:
% )

Q '? : s da(2) r Py ’ C:'
- (-1) 2/dz o sin (k'wsex--i-) sin(kcos6(z-z ) ‘ =

s 2‘ ‘\ _;:
: (A-1-36) o
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A~-1-15

for the even orders.

In this case, we can see immediately that

le(z‘) = B (A-1-37)

80 that eq. II-1-6 is satisfied if we gset B = ],
Integrating the last term in the odd order solution (eq. A-1-35) by
parts, we then have

uz(,) - (-1)52"! sin (k.wsaz-%)

z
+ (-1)'.71 ;_;ie_/dz A(z').sin(k.cosez'--:-)sin(k.me (z-2)
z
1

4
Z=Z2

R4,
+(-1 )T{ 2 [A (2 cos(k cosOz'- %) sin ( k.cosecz-z'))]

2=z,
met *
+(-1)% zl;:»:e/dz’a (z) sin (k cos Bz'-%) sin (kcos 6 (z-z))

x

mes z
+(-1)2 2k cos Gfdz’A () sin(k cos@z - %) cos (k cos8 (z-2))
2

(A-1-38)

which, after algebraic manipulation and the use of the identity

sin'0sinasinb - cos*6 cosa cosh = '% cos (a+h) - %m 20cos (a-b)
(A-1-39)
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A-1-16

reduces to

med

Ufz) = (-1)7% sin(kcosBz -%)

med x

Bk ,
+(-1)2 —wfa cos(k.cosez-%)fd:’A(z)
z

"'i"é k l' ’ ’ ?
+(-1) prvy cos 26 dzA(z)cos(zk.wsBz-(lgcoseu <)
_ 2,

(A-1-40)

Similarly, we find that the even order equation eq. A-1-36 reduces to

U, (2) = (-1)% cos (K eosbz - 3)

z
-(-1)% -c;“'; sin (k.cosaz - %)/dz'A (z)
z

z

= k
-(-1)7;;'5 cos 20 dz'A(z')sin(2k.co491'-(k.m9z+%))

£

(A-1-41)

e e e Sl RPN ST e
w e Ty e . o
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A-1-17

Atz-zz.uefindﬁutforallo:ders _‘J

- (-1) -1-4
U(z) = (-1) cosg-p (A-1-42) Y

We cbtain V, by taking Ju‘/dz , to obtain

du me
Tif - (-1)-3" lt.cosecos(k.cosez--:-)[u 2A(l)]

z
+ (-1)!:.:'* l(:sin (k.cosez- -})/dz’A (z)
I‘

4
ne 4
A1) l‘.a‘"""‘ “/41'4 (2) sin (2k cos82'~ (k cos B2+ %))
zl

"(A-1-43)

for the cdd orders, where we have used the identity

l14+4c0820+= 2 cos*9.

Atz=2z ,w find to our usual approximation

V‘(xz) = 1¢0s O (sint-7) (A-1-44)

’
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B
o

Similarly, we f£ind for the even orders

J‘ l.:s;. A &

g

V,(z,) = icos@(-sint -7) (A-1-45)

LSRN LN 1IN

Combining our results to this point, we find that the characteristic

7 4
ST T

matrix for the Kth cell in P-polarizatjon is

Bl

m . "
Y, kel (-4)" cos tk “ P icos® ((-1) smt“-r‘) E,

SNSRI

=
i " n
H — ((-1) sint_+7T (-4) cost _+p
“. %, Ked cos® K ‘) LIRS H"“
E
W
h
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.
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A-1-19

- The case of S polarization is somewhat simpler to solve than that of
P polarization.

Born and Wolf (1975) show that the characteristic matrix solution for

£ 5 Ardel

S polarization is

Ay Qhy AsAety B

E, (,) Vv, (2) - U‘ (z‘) E, (z)

‘ =

N

\ H, (2) -V, (z,) u(z,) H, (z)
3

: (A-1-47)

3

where the boundary conditions of eq. II-1-6 apply as in the P case, but
3 ,
a1 d°u

L/ 1,2 2 .2 -

o + k (e(2) - sin’e) u, =0

(A-1-48)
- dUu

, _4 1.2

; \g”' " TY Tz

ﬁ [

) Z:::;
3 The vacuum solutions are ::._:
> S
- n-4 ' @ -T.-.:
: U‘(z) = (-1)2 pwey cos (k cosBz-3) ;.\:
' - RV
; met ? (A’i 4?) :::_}_:
N U,(z) = (-1) 2 sin(keosBz-3) :E:‘
B :'!-‘A'
¥

9
4

s~.\'.‘ ~ '\;..1\‘ ‘.-'._-..-.\: . ;;_:_.1" - ~_‘ A e e e e e
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A-1-20

.1 for the odd orders, and 4
- s
o
g 2 . 9 if-.‘w'-.'.-'_"
- Ul(z) = (-1)2 Py sin (k.cosez -2 ) ,'_:::_:f-.:
B A
A
(A-1-50) -
§ R ® SN
: Ulz) = (-1)% cos (kcosOz- =) o
:'.: E:::E:::‘
3 for the even orders. ::::.‘::-

Using the perturbation method, eq. A-1-48 becames 0

T hyihy
,

cos (k’cos 6z - %)

Ty
K
s s

[4

AT
l“.," -
R

]
LA

m-4
+K'cos’o U = (-1) 2 2K'A(2) sin (kcosOz-)

YA

fr.( v,
v

$ v &
"

L (3
& b

A (A-1-51) o
; for the odd orders. :::::_::_
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-

Y

v-'

:’"f}:'. We will find that in the case of S polarization, we can dispense with
L the constants A and B that were required to satisfy the boundary .

f conditions in the P case. -
o ..
t Our solution for U, in odd orders is therefore -
-~ g
2 S
.r'; U = (-1) me cos (k cos @z - -—) ’
a‘f:"- \
mes 2ik z -
¥ +(-1)"2 —ig dz’ A(:)cos(kcosaz-—)sm(lzcose(z z)) o
e z, v
3 (A-1-52) -
o Using the identity N
o ™~
‘ $_‘ o
Y
N et
. . 1 . l » B
o cosa sinb = -7 sin(a+b) - 3 sin (a-b)
%y L
i{: -
.-. we get l
."‘-..‘ :_-
.
'3:::: m-41

- L 4
Uz = (-1)2 ca_;e. cos (k cos 6z- ) -

o md
A +(-1)72

z
k ¥4 R
g sin(k.mez-%)/dl’A(l) (A-1-54)
z

e LY
o +(-1)"2 > 6 JzA(z)sm(zkcosez (kcosez*—))

3 z, k
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4 ;::\ 5‘1-22

e which at z = 2

\ 3 becames
2N

: i . . .
3 L"(g) * 30 (.sm?‘.acos?-‘r)- -Eo;—a- (sint - 7)+ O(A‘)
'i (A-1-55)
‘ Similarly, we find for the even orders
\;‘\-_
%
\X N
N .
N U (z) = —— (-sint-7) (A-1-56)
. i cos B

We note that in the case of § polarization, the parameter r in the

e above equations is defined with the factor P set equal to one (see
R
Y
iy . 11-1-5)0
'_':_.5 eq
g 'i.f To cobtain Vy o we differentiate eq. A-1-54 with respect to z to
' ; obtain after cancellation
E L
; ‘\:.:‘ C“{ ned
ot = (-1)z ik sm(kcosaz-—)
T dz
N
"o +(- — oS -
r.{ (-1) cos 0 & (.cosez 2) zA(z)
bty z
mes k2 % [
e +(-1) 2 P d2 A (z)cos (2k cos 82/~ (kcosBze 3
, z,
» (A"'J?)
.
c' ]

e

-




A-1-23

0 for the odd orders. (Note that dU, /dz at z =z, is ik , %o that 2
i V, (z, ) =1 as required by eq. II-1-6). d

o At z =z, we find

i du‘
V‘ (zz) = --r. _d-z— = -cost-p (A-1-58)

.t
)
‘l 'l

ylfd'.‘-"‘r‘..

]

e e e
[l e WAL

and similarly for the even orders we obtain

L.

£ S
grner ot

Hudh
£,

?;

V,(z) = costep (A-1-59)
X3 The solution for U, in odd orders is

(s mei ¢
Lo U(s) = (-1)72 sin (k cos 0z - =)

L N NY
+(-1) o) ws(‘r.cosez--i) dz A (z)
z‘

: -4 ' ,
b +(-1)%- —5— dz'a (z)cos (Zk.cosez'- (k cos6-z +§))

=% (A-1-60)
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A-1-24

e te el
T RN

s

which reduces to

&

¥ U(z) = -cost +p (A-1-61)

atz=2z,. For the even orders we obtain

¢ Ulz) = cost +p (A-1-62)

For V, we obtain

R
Y i 94 L ¢
i‘Q V,(2) = --k: rralie (-1)"% cosB cos (k cosBz - 5)

ol
v Ay

2
'

mat 9le '
+(-1)72 sin(kcos@z-—) [ dz A(z)

Yo

DR

-t

~
bpe

mes 7% ¢
+(-1) /J:’A(z’) sin (2kcos0x'~ (k cos0z+ 3))
x

4

3

»
-

ot hegy

(A-1-63)

l "'I.. LA

S

for the odd orders, which becames

g T

Ay 4
el e gams s

#*
&

Vz(zz) = cos8 (sint+7T) (A-1-64)
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i atz=32 In the even orders,

‘ [

V,(z)) = icosé (-sint+T) (A- 1-65)

e, %"
~!~ The characteristic matrix equation under S polarization is thus

|
R
L
.
o
" ‘u
,
:
Fia
-
oo
® -
S
b
! -
A

v
.'l{l" L 4

' ]
$ E,, Ked (-1)- costk‘ P - cT;ﬁ ({-1) :int“- 1;) El.u 2

Xoe

[ ]
TR

A o e .
% M, ot icos @ ((-1) sint,+7,) (-1) cost, +p, H
3 g 3
(A-1-66)
,v This S matrix and the P matrix of eq. A-1-47 are not equal at @ = 0.
a '. :'.
3 g,i This is a consequence of the definitions in sec. II-1-B; A
2 N
r%‘“l .
X - A e
}* E = E x (A-1-67) oy

\ in S polarization, while i

2 o~
% <
" ] =
- ad A e
H= H x (A-1-68) X
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A-1-26

3 in P polarization. (See fig. II-1-2). Under these definitions it is

impossible to rotate the coordinate axes in such a way that the S case at
normal incidence is transformed into the P case (3o long as the z axis is
required to point towards the substrate).

Bowever, as discussed in sec. II-1-B it is convenient to modify

; eqs. A-1-47,66 in order to facilitate calculations at angles off normal
incidence.

If we define
£ = E,
(A-1-69)
N = H’/cose

in S polarization, then we can set

E = (1+¢)A
(A-1-70)
NeE (1-¢9)A
~
4
. for all @ (see fig. II-1-2). Here A is some K-dependent field amplitude.
Because of the plus sign that appears in the first of eq. A-1-70, these
definitions satisfy the usual thin £ilm convention where Q is real and

positive if the reflected electric field component parallel to the
interface is in phase with the incident component.
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A-1-27

If we now convert eq. A-1-66 into an equation involving these new
field quantities we obtain eq. II-1-14. 1In the remainder of the text it
is this matrix solution that is referred to as the characteristic matrix
solution.

It would be convenient to be able to employ eq. A-1-14 in the case of
P polarization as well (with eg. A-1-70 still obtaining).

In order to have eq. II-1-14 apply to P as well as S polarization at
normal incidence, the equation must remain consistent with eq. A-1-70 when
the coordinate axes are rotated to bring x fram its original direction
along the incident E field into a direction aligned with the incident H
field.

From fig. 1I-1-2, we therefore require

£E = - E,/me
(A-1-71)

N = W,

in P polarization.




Appendix 2 - Difference Equation for Amplitude Reflectivity

In this appendix we use a well-known procedure to convert the matrix
solution that propagates the field camponents fram cell to cell into a
difference equation that propagates the amplitude reflectivity from cell
to cell.

In the x-ray case the difference equation is a Ricatti equation under
our usual set of approximations.

Combining eq. A-1-70 with eq. II-1-14:

(8 A
S

Lo AEHY
Wt 24

55

s

'.A..Q.:.Q.q_‘

o

P
8

(-1)"cost, - p, i sint e )\ [itR,

F A B

i ((-1) sint, - n) (1) eost, e p, 1-0.

(A-2-4)

) S

140t

1“!0&

1

s
£y

5 8y Mo, oA

[k ~
2 AR

(-1)-mt.- Pt (-1)‘-‘33»1'&. tiv, ¢ (-1).cost,, Ru~ Pu®y”i (-1)'"sint“g'- TR

(-1)-mt.¢ Pyt (-l)nisint_ -iv, - (-1)'cost“ =P’ (-1)-sint.Q“— i, 0

(A-2-2)
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‘:g A or, after manipulation

<) ('1)'.&-““ et (in,-p.)

S ekbt ‘.1’l‘,‘¢“ - (..r‘* P.’

- (A-2-3)

o ‘ Neglecting terms of order A’ :

H)ne-.'t. Pt (.‘r“ - p“)
. m it
Bes = (-1)";‘*.. (1#(:7.0 Pl (-4) e x)

- (e.“t‘ P; + (-1)-“"8-Px)) (14‘(51“4‘ Px) (.x)-e.it.)

(A-2-4)
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Appendix 3 - Reflectivity of a Periodic Multilayer with J Cells

Here we solve the difference equation

Qe = - Zitp, - Giv-p) = (iveprpl

(A-3-4)

in the case of constant coefficients. When the coefficients are constant,
there is no disadvantage in converting eq. A-3-1 to a differential
equation, 8o as to obtain eq. II-1-25. With constant coefficients this

equation is separable, and so

°, N 3-1
= - | dK
(ivep) Q"o 2itp+ (ir-p)

(A-8-2)

The upper subscript of the integral on the right side has the value J-1 so
as to follow the enumeration scheme established in sec. II-1-B. The
reflectivity of the substrate has been taken to be zero; however our

results are easily extended to the more general case.
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Using

dx 1 In be2ex- Jow (A-3-3)
a+bx+cxt J-w bt2cx *F?

AT ~
I
LT et

.

T

l.."ll:

1

,.
. !

s
wvhere W ® 4ac - b, we obtain
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it+(irtple ~is
X In l = -2i5(J-1)

::'3 itt(ive p)Q:ﬁs 1.‘
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(A-3-¢)

n“ Ftﬂn q- 11-2-12' ‘o b,
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80 that o

2 .2 2id(J-1) L
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%" (ivep)(it-id) a2 Y-iP _2i8(7-4)
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80 that eq. II-2-13 is cbtained.
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Appendix 4 - Sufficient Criterion for the Bragg Condition

In sec. I1-2-B we found that a necessary condition for the
satisfaction of the Bragg condition Re(§) = 0 was that the shift in the
phase thickness of the oell fram x radians be given by

¢ = - hadddd (A-4-1)
“ﬂ

We now show that eq. A-4-1 is also a sufficient condition; as
discussed in sec. II-2-B this is the same as showing that when Im( §*)
equals zero, Re($§?) must automatically be less than zero.

According to eq. 1I-2-4 we therefore need to show that

-t Y <o (A-4-2)
if
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(A-4-3)
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it is sufficient to show that

MR

BANRAS 8 ¢,

(A-4-5)

-
+
-
A
o+

,R; because the second term in parentheses in the last part of eg. A-4-4 is
always positive, and the third term is positive after being squared.
Using the definitions of eqgs. II-1-15, we rewrite eq. A-4-5:
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+ dx A'(x) sin (2 k cas Ox) < dz 8 (x)

e d
'
l\—-.
via
wla.

»la.
’
va

(A-4-6,continued)

Using the Schwartz inequality (Goodman, 1968)

(g
ke

it
$ .‘}}"f'

/ABz < flAl’ . fll!la

&i,’ (A-4-7)
with

|‘J <3

v‘.«'. A
@ L

A= (&), B = [4'(z) cos(2keosOz) (A-4-8)

we have

7 ¥

A ech!
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wa.

:-,‘.} Y (2) cos (2 k cos B2)

]
mla

wia.
dla.

1:' J dzA'(z) . j dzA (z) cos (kasez)

o
wia.

(A-4-9)
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dxA'(z) . I dz A’{:) siu"(&lc.cosaz)

wja.

4
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. which is the desired result.
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_~" Appendix 5 - Camparison of Absorption Correction to Dispersion
*‘: Correction
" &

SR
N
o - In this appendix we gshow that the absorption correction must always

‘.f'::: be smaller than the dispersion correction, so long as the real part of the
P
' unit decrement is negative throughout the unit cell. This means that the

T

absorption correction will be less than the dispersion correction except

; ‘34 in regions of strong anamalous dispersion, since it is only in such

t’ regions that the decrement can have a positive real part.

':' It will be sufficient to show that the absorption-induced
VO contribution to the total refractive phase-shift is less than the
contribution from dispersion, i.e. that
Lrg
A
ANy

T'T,+ ' p

PP

A 1 (A-5-1)
. 53 oy < 5
e ok
), ﬁ
- (see eq. 1I-2-36). N
q‘ If the decrement has a negative real part everywhere, both numerator :::;
3 '." and denaminator on the left side are negative. If, on the other hand, the :ﬁ‘
w—

2 decrement can have a positive real part, then the dispersion correction .
may became arbitrarily small, and it is even possible for the denaminator ;Z::'
394 ~
'.5 : of eg. A-5-1 to be zero. We will assume that both numerator and oy
oy :\‘.
- dencminator in eq. A-5-1 are negative. as
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Prom the definitions of egs. II-1-15, we can write the left side as

IJ Jx‘ Jza A'(x‘) A'lx‘) cos (2k cas0z,) cos (2k cos 02,)

=i
d/2
+ ” dz, dz, A'(z‘) A”(z‘) sin (2k cos@z ) sin (2k cos 8z, )
=d/2
d
g dz‘ dz‘A, (z) A” (=)
LA (A-5-2)
which equals
A
ﬁdx‘ dx‘A’(z‘) A”(x‘) cos (2kcos @ (z - z,))
-4
d/a
”
“ I J’;A, (z)8(z)
-4 (A-5-3)
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f;: Under our assumptions, A (z,) A (2) is always negative, and so L
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N o
A5 cos (2k cos (‘x'zz»| < ¢ (A-5-5)
2N
-;;’3:1 ‘.
.‘.\' - N
DYt -
N .
¢ Since there is a linear relation between phase thickness and
s d-spacing or the reciprocal of wavelength, eq. A-5-4 implies that the %
absorption-induced shift in either of these quantities is less than the _:::"
'< dispersion induced shift.
g According to eg. II-2-35 the relation between angular shift and phase
RAY, &
N shift is o
B g
!‘5{’ _::.,
ze ;
e ¢
\ AO = tan® 6, * —2 - tan 6, o
)3
5 s
i ,:;3 (A - 5. 6) :'(‘:
4 »y"\
Ea 2
e I~
< which is non-linear near normal incidence. However, eq. A-5-6 is still a o
BN <%
E:T 1 ~monotonic function of @ , 80 that the greater portion <:fq‘»t that is due to ::-\.'
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angular shift is also due to dispersion.
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7 Appendix 6 - Algorithm for Calculating P,
=
ut In this appendix we present an algorithm for solving the j-'.:}
- - transcedental equation kg
? : :'.:f:"
-'f?, i
# e
‘ tan iy A
P = Po t W (A-6-1) _
‘_',_ ..
:?‘ s'--‘
.z'j ;~..;~
& =
ke where X

LE:

¥ 5 N

Pon o

:l'_‘} ” '..'-'.

i) ',"' A e
> L

is vV &8 —s (A-6-2) 20

t A“ - AL o

N
Xé
3:3 We will first present a two fold method for obtaining initial 3
o
estimates of Po,e . :
i, In the multilayer designs of greatest interest there is significant

B ‘_;‘L
‘} contrast in absorption between the two constituent materials, making the S“{
' parameter W fairly small. ;::x
o By

In this case Pon is also small, and we can set

- 3 s o
- Po,e 2 Popt )
- tanfy, P+ — + — (A-6-3)
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o— A=6-2

0l If we neglect the last term on the right, substitute into eq. A-6-1, solve
for p opt ! and then substitute our solution back into the previously

(34

33 ) neglected f£ifth order term in eq. A-6-3, we get after again solving for
")

: \44‘ N Po'g

W

153
A
N - 23 A :
NN POpt - W v (A-6-4) .
075 :
: ?’
o~ We can keep this fram diverging rapidly at large W by making the o
§‘ substitution in the last term "
* ;
o
2 w (%
e R (A-6-5) s
e j 1+W .
LA ';‘
5
‘;':. A to obtain
DA
R -
3 oS
Nalt w ’/3 ':_‘
3 b & o () (A-6-e) =
e N
'.":,' ‘t'j»
= -

Pig. A-6-1 shows a plot of this seed function (which we will refer to as o

the "small-W" seed function). -
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i In an exhaustive search for multilayer materials combinations (such
) as that presented in sec. II-2-C), one might wish to calculate P," in
2 cases where W will not be small. In such cases the small-W seed is not

- very accurate. If we define
X -
V' - B (A-6-7)

and set on the assumption that v is small

p o1
‘ tan B, = v (A-¢-2)

eq. A-6-1 becames a quadratic whose solution is

N X _vad|n- x X3 .
23 Pae = 2 -V T n-(W+3)+ /(V*z) 4 (A-6-9)

This large-W seed formula is also plotted in fig. A-6-1.
: N We now present two iteration methods that rapidly converge to the

exact solution from these initial seeds.
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%
2R When W is small, we use Newton-Raphson iteration, so that
4
4

B (tenf,-f;-w) tan - p,-W

‘{t Piet = B " e
R - ' i 4 -B - i L
3 p (tarp-p,-w) sec’ ;-1
@ (A-6-140)
"4 For large W, we use the iteration scheme
a’d
5 £ i
% - -fh -
B, = arctan (B, +V) (A-6-41)
w1
~ 39
3
j ‘; This scheme is quite convenient to use with a pocket calculator (if it has
b4
'-_,:?. inverse trig keys).
S
=% The two seed formulae have equal departures fram the true solution at
LN the transition point W = 0.656. The search program described in
N
v Y
": sec. II-2-C uses this W value to sep’ ‘2 the two regions in which the
:3"1 different formulas are applied. A slight increase in computational speed
could have been cbtained in the program if the dividing value of W had
s
L taken into account the longer time needed to evaluate eq. A-6-6 in
r' '
g’& camparison with eq. A-6-9.
-— The point W = 0,656 also turns out to be approximately the point at
which the two iteration equations A-6-10 and A-6-11 require equal numbers
'), of steps; of course the precise transition point is dependent on the
&if" desired final accuracy.
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Fig. A-6-1 shows a plot of the improvement on the seed guess that is
achieved after one iteration; the W=0.656 point was used to decide between

P

i Tt g Y

AP MR A . IR 2

the two iteration schemes as well as between the two seed formulas.
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Appendix 7 - Peak Reflectivity of Periodic Multilayers

In this appendix we calculate the reflectivity of a periodic

multilayer operating at the Bragg condition.
According to egs. II-2-11 and 26, we must calculate

2
d+ e
R = 3rtl (A-7-1)

ly-ipl

evaluated at Re(§) = 0. Using eq. II-2-30,

8. - jt“' tl.* (Y"" Pg)f

a
nd (( Y.. ")”)
= ”a

+ (r'¢ p‘)’
4u

(A-7-2)

Thus, with some manipulation, we find

f 3 3
Is+¢] = ¢2+58 + 2"+ 2¢%5"

(continued on nest page)
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”2 ” ” 2 N2
= 24 +TvT ¢p -7 -p

YL bty

- -2 j a“- ( r'r'«o P’ l’” )’4» .u."( 'r"-o p"-'r"- p")

» 254

(A-7-3, continued)
N Using

lr - ipl’ = (r'vp')‘ + (r"- p')‘

e = vl |p|‘* 2 (vp'- v'p)

G

" (A-7-4)

we obtain eq. II-2-45.
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¥ Appendix 8 - Demonstration that the Periodic Multilayer has an oy

‘ Extremm Reflectivity e
| o
3 g

- Let v, y V, ¢+ «eo V, ., Dbe the nimerical values of the (not
necessarily equal) changes that are made in some structural parameter of
each of the J-1 cells of a periodic multilayer whose structure is
initially optimized in accordance with the formulas of sec. II-2-B.

LRI LS
‘.
W5

e Since variations in structure must ultimately represent variations in A
R real physical quantities, the v, can be assumed to be real.
To show that the reflectivity is an extremum with respect to the v, , S
i we show that in lowest order the intensity reflectance |Q z |‘ is not ..__
'; changed by the v, variations. We will only consider the steady-state :

regime where the formulas of sec. II-2-B apply.

In lowest order

: ‘_:j:
N 1'.ll - T. + Y. vg :':'-
S o oo
¥ =Rt eV (A-2-1) %
g o]
) . DN
ho t, = t, *t ¢ V‘ -
il N
N vhere the &t represents differentiation with respect to the physical :::.\-
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A9 perameter under consideration. -
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We now follow a standard perturbation method for ordinary
daifferential equations (Schiff, 1968)
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L
Q. is thus the ideal reflectivity, which is assumed to be in "’!
vk steady-state.
X The total solution @ will satisfy the (first ocder in @ and

A) equation
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VWS WYL
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Qs,m * “-2““) ev,u - (irk- Pu)- (;rl’ P“) Q:,u

(A-8-5)

b to within first order in the v .
From eq. II-2-3,

S, = -t -vetipe (A-8-6)

g 80 that eq. A-8-4 beccmes
e‘“ \ = (10238.)9“‘ - [zie.efh.'. (10Q:)- ,'; (1‘-9‘)]
L) , K¢ , » . 14

"{‘? (A-3-7)
N This equation is linear, so its solution is

g 4 ZE.‘P;.('O-‘-)-:;(Q'%)]Q v,
- - 1'25:,.‘ 3.4 [ o & o Vo @, °
g, iR & (1-23))"
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where we have set
N ]
i, = =3 (A-2-9%)

since the multilayer's unit cell thickness is assumed to have been
optimized, making Re( §,) = 0.

From egs. II-2-41 and 11, we have for a periodic multilayer optimized
with respect to each of the parameters represented by the v

Im [Z'E.'r (v - iﬁ.) e,* (';'.f 55.) i/e.]
s o i .o i
= Im [2*.* nlere)-inles ?.)]
= 0 (A-2-10)
Let the quantity in brackets in eq. A~8-10 then be denoted « , with

In()=0.
8ince

2 2
R: " I Q.’ ea,r' = R" 2Rhe (?: ‘s,:) v |es,:|

(A-2-11)
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R
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we can set

k) “
LY
S
W ial ‘n: .

LAl

= * -
i R, = R, * zne(e. Qu) (A-8-42)

to first order in V.
Since

[ A
<&

el
PL 27

ad v 34 34 iR v
= - (1-2§,) LA o
Qo es,: ‘z.‘ (1-23:’).‘ (A-8~18)

: "u'_“iv.

i

and since « is real,

-
4

Rl(e: e") = 0 (A-2-14)

y 80 that the reflectivity is an extremm with respect to the v, .

e e -"..'. - "’-. '.'.' e ".-.‘.' '.“'.‘ - .‘. I T '--.' .
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3
Y
:]; Appendix 9 ~ Two-by~Two Optimization of X-Ray Multilayers
P8
1 In this appendix we show how to calculate those thicknesses for the
i - uppermost pair of layers in an x-ray multilayer that will maximize the
t'
i reflectivity of the entire multilayer stack, given that the preceeding
> stack has a reflectivity (A
X As discussed in sec. II-1-B we must include terms of order @. Ain
-3 this calculation. It will therefore prove convenient to carry out the
3 initial part of the calculation in terms of the parameters
X
)
3": 2n
Pux ® % @84,
54
gi (A-9-1)
X 2z
; P"‘ = T wedm
A~
§ rather than the parameters ¢ and f. While the parameter P“ appearing
s in eq. II-2-15 is formally the same as that defined in eq. A-9-1, we will
not, for the first part of the analysis in this appendix, be using
i;.' ®zeroth” order approximations (such as, for example, eq. 1I-2-43). The
A greater accuracy that we are using at present will be indicated by the use
of the H subscript on the parameter P . In contrast the unsubscripted
:E parameter p may be regarded as a division parameter with radian units,
: rather than as a precise phase thickness.
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A-9-3

Pram fig. A-9-1 and the definitions of egs. 1I-1-15, we have

[ 3

Y, = (A”sin P, . cos B <t A.,“’P.. “sin P‘,‘) P(0) sec*®
p = (- 4 sinp,  sin + A;sinpn L Sin PH)P(B) sec?s
.a"(A“P“*- APB.,)secto (A-1-2)

Eq. A-9-2 differs from eq. II-2-15 due to the inclusion of terms of
order ?" and ¢-A, and also due to the non-centrosymmetric geametry of
fig. A-9-1.

The amplitude recursion equation eq. II-1-20 becames

-2it . . ip, . -ip,
Q‘,‘ = e ° ?n - l(ALsmPu‘ e Pux + A,;""P,.‘.‘ e P "‘)

xe ' P(o)sec*o

-i( Asinp e Pury a sinp eip“"‘)

x e.’u" Q: P(O)secze

(A-9-3)




N A=-9-4

We now differentiate Rues with respect to the phase thickness
of the final low index layer. Writing ‘h" y = O A“'m‘e :

W =0t e
NN A A

By

1.0 A

-2it i i "
= 2in e “9‘-' h’t(A‘sin p“. e'PM + A“sinpme 'F"") e P(8)sec’d

L2
O
=
.
[ Y

I""

- i(A._wsp". ePun_; A“sinp“l“ e Pix) et P(0) sec’o

foiny
X

+37 (Bsing, | e Pun - iA sinp ehn) e Q: P(6) sec*o

y "a'.‘.".‘u‘-

- (ALm e Pux +|'A"sinpm e L) et Q: P(6) sec*6

DA
Py

..4, Dy

(A-9-4)

e

2
Neglecting terms of order A :

ANV MY
Sy A"-(.;;;\- Y-

. . “‘t. Y - i . .' . .'.p “. R
R, "~ 2ie Q‘[.H'A‘uc e-3( A,_""PL’.G' u,u#A"smP“‘.. c..)t.é._p(o) sec’s

) 3 c'P‘"‘ . . ';P eitl 2
N -g(acosp elox-insinp, € M)T P(8)sec*o

- - % i ( Asin p". RN 4, sin ﬁ“" e;p‘") e—;t,?‘ P(@) sec’®

L\ .

) -Hausp eharinsing ehx)é™g Plorsec’s |

N (A-9-5)
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A=-9-5

To maximize R.", we require that Re (é.“/e“‘) = 0.
Writing

-ai fana o Lo eify et
..~ "p. (1-.( 4sinp & Puny A-'“Pq.-‘ P‘) -er P(0) sec* 6

-i( 8 sin ] '“e"Pu,u + 4 sin Pﬂ,! ,‘Ps.-) et (A P(e) scc‘B)

(A-9-6)

we obtain after neglecting terms of order Az:
O=1Im|lA+ -!-(A i eiplu ; -ifx e P
®aT2 u.smpt.u oY Au‘mPn.xe . )T ®

p

“3(Bsinp &Pt b sinp ehn)eeq pro)

. . . it
-t (bcasp oPux—in sinp oPe) £ pra)
) g %

i . C i -it,
- Z_L ( ALcospM e P a sum e ‘M) e " P(B)]

(A-9-17)
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5> or

i

] 0= Iu[A‘ﬁA“ P(O)siupn(;—.u.—;—
’ e Teiun

-t et ei&-")

LSRN
CAA AN

1 i -it, ~i(p, =P .)
~=~ AP - L] e Fum
25 (9)( Q.e.n“ PP + pe e )]

(A-9-8)

Similarly, differentiating with respect to g, ,:

Ve a e X s

Y A ; b\
:“. Q"‘ = zi"‘ue .?“’ "'(A‘-’”‘P". e P"o' + A“Sinpu‘. e Ps,l) e te P(®) SCC.O

-it,

s ?(i A.""p;,n e;PM + A“cosp"'. e-;pba") '™ P(0)sec*d

kye +3R, ( A sin . Py A sinp, l‘e;p‘-“) &t Q: P(e) sec*8
3 =i(-i Asinp | P B cosp, e e-Sit.?: P(0) sec*0

\;‘
~— (A-9-9)
' which leads to the condition

- JRO) i i, ) 1
O=1Im A“ { 2 Q.e LALLM WA Q.g'"‘e"’u.n’h.-))

(A-9-10) n!{
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A-9-7

We will now convert back to the parameters ,andp in order to
facilitate comparison with earlier results. For reasons discussed in
sec. II-1-B, it is only necessary to retain terms of order @+ A prior to
performing the differentiations necessary for the optimization. Therefore
at this stage in the calculation we can follow a procedure similar to that
used in optimizing the periodic case, and neglect terms of order ¢- A when
optimizing B .

To obtain an optimization condition for the parameter f , we

therefore use the "zeroth" order relations

P‘,ng’t-'ﬂl, P”;K-PL,R-' zp.-n
(A-9-41)
vwhere we have set Al 0.
Substituting into eq. A-9-8,
PO) /  -2ip 1
0= Im A[1+—- e "+-——-—,—J
A 2 (?, Q“e-z' p,)
+iP(8) & sinf (e "iPu - __.j_'_
N x k Q e-.Pl
(A-9-12)
or re-arranging
5, P(O) 1.1 ap 1
0O=1nm As‘ 2 (Q.* ';. - 'E(A“- At)(gle . ———Q e"‘h)
x
(A-7-43)
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A-9-8

Similarly, using the relation P."-r P“‘ = x- 9. + 9G. A=9~-10
becames an optimization condition for the parameter 9“ which is accurate
to order - A :

P(6) in, -2ie 1
= I — ® "
0=1Im A”[.l Ay (Q‘e e 't Q“gi“l ir, )}

(A-7-14)

Eqs. A-9-13,14 are of the form

+
o
"
o

(A-9-15)

with x the unknown,
Introducing the notation v‘ & arg(G) for the arguments of the

various camplex parameters, we have

i(BraevieVy) o} ~i(BeseV-V,) p
+ e

0= Im{ lAllcl-e i +D

(continued on nest page)
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A-9-9

=D+ ICI (IAl - l-‘-:-i).sin (BnnVA)cos (v)

+ IC|(|A|+ l'AL")cos (thﬂ‘) sin (\4)

(A-9- 16, continued)
or

(lAla-.l) sin (an\‘) cos\é

O =
jcos‘\é (1- IAI’)z'* .sin"\{= (1+1A ,;)z

(1A1* +1) cos (bnﬂ;) sinV,

+
\/costvc(l— IAl‘)‘t +sin‘Vc (1+1a1%)*

. D"1a1/1¢1
f m‘vc(i-w*)‘ +sin'V {1+ 1art)*

(A-9-1T)
Letting

-(|l|‘-1) cos Vc
cosw = 2 12
jcos‘vcu-lAl‘) +sin‘Vc(10|A| )
(11" 1) sinV,
Siny B

v/“‘zvc(l- IAI‘)z + 35"‘\(: (1+ IAI")’.

(A-9-18)
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A-9-10

tanw =

1+In?
l-lAl" tan\é (A-9-19)

and using

m‘\/c(l-ul")‘*sin‘vc(hlAlz)‘ = f1e|AI*- 2¢0s (zvc)lAlz

(A-9-20)
we have
0= cos(B*:*V‘)sinw-sin(8+x+v‘)wsw
D'IAl
+
|C|‘/1*|A|4' Zw(ZVCHM‘
(A-9-21)

U4
D IAl
ICI]I* 1Al - 2cos(2v,) 1A12

weB-x-V = -arcsin

(A-9-22)
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3 A Y
2 80 that AR
»
1
oy .
"y
3
1+lA|
X = =B -V +arctan tanV
o A 3 c
v 1-1Al
2
4
N
D 1A]

+ arcsin

lCl/i + A= Zcos(Z\é) IAIz

(A-9-23)

Applying this result to eq. A-9~14 we find that ¢ is given by
X

1+%R
X tanV
i-R "

[ 3

. ! -
9“- 2 ;u‘-tV' a.rctm(

) ;&';
::: ) ZR: sin \{'
L% - arcsin 2
Pl / 1+R>- 2%, cos (2V,)

! (A-9-24)

o Eq. II-4-8 can be obtained fram eq. A-9-13 if we use the identity

iy [(m YsinV, cas\ - (4R JeosV, sinV]
T X () [ ] ] Q

'y 2
. Al (1+R ~2R cos(2v)
::; - l ul [ [ n sin (h-v')
.,': R

» [ 3

(A-9-25)
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§ h arctan 1-R tu.v“) (A-9-26) i
3 K e
2 :
x’
3
B Substituting into eq. A-9-23:
% . { VALOY
% -— + :
¢ i ""’”‘[flA.- 81" (a0 R 2R o8 (2V,))
% .
1.-§ (2a]r + POV 1A I* (14R% 2R cos(y,)) A )]’ £ (v,, n,vq)}
g .
; where A m sin (f(V,,&,V.))
: - 1¢G
. F(V,, 6, V,) 8 V, - arctan [ 228 4y ]
‘
‘ (A-9-27)
%
‘{ We have found from rumerical tests that the correct results are
.
N obtained if the standard lowest order returns to the inverse trigonametric
X
N functions are used in egs. A-9-24 and 27; the equations have been written
e
:J in a form that yields this result.
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A-10-1

Appendix 10 - Effect of Accumlating Thickness Errors Outside the
Steady-State Regime '

In this appendix we calculate < R > outside the steady-state regime
for multilayers that contain accumilating thickness errors.

We first obtain an approximate K-dependent solution to eq. 1I-5-12.
The fourth term on the right of eq. 1I-5-12 is small campared to the
constant second term, and attains its largest magnitude only as the
steady-state is approached.

In the steady-state, this term is given by eq. II-5~23. If we
substitute for the fourth term the approximate expression

-<a¢> <Q‘>z

-is_r2<aq¢*>

<P> -

(A-10-1)

then this term will go to the correct limit in the large K regime where it
is mmerically most significant. In addition, the term will correctly go
to zero when K is small, or when <A¢'> becames large. (In eq. A-10-1,the
subscript an 3 indicates that eq. II-5-15 is to be evaluated in the

steady-state) .
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05 Bgs. II-5~12 and A-10-1 complete the statistical treatment of the "’.4
“ % ': "‘
é terms in eq. II-5-5. As discussed above, the principle advantage of the .’::
I difference equation formulation lies in performing this statistical el
treatment, and it is now easiest to proceed by converting eq. II-5-12 to a

e differential equation.

oY

‘_i‘ Using

d<o> d*

3 <, >-<e> =~ ake o 202

’,’« . dk JK"
N

" d<e> 2

i a2 2 2

5 - = 0(<Aa¢'>)+0(<e>)+0(p-8)+0(a)

\‘:
' (A-10-2)

eq. II-5-12 can be written under our approximation scheme:

£

A
2 i<

% ‘:> - - 2(i<t> + < APD) <> - (iT-p)

f.‘

*, .

: lirepd{ - i ei<aps) ¥

-t
' (A-10-3)

a{:

' Since the reflectivity of the substrate is mmall, the exact boundary

= condition applied to eq. A-10-3 becames unimportant if the multilayer

'5': contains more than a few layers. Por simplicity we will set <p> =0 at

2
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the substrate.
The solution of eq. A-10-3 is straightforward, and is similar to that
presented in Appendix 3 for the defect-free case. We £ind

2 2
b+4D D (T
<e >,;1_ (e""“)-i)
’ ¢ . L 2iD(7-1)
(b-2iD) - (be2iD)e

(A-10-4)
vhere
a = (I.Y"P)
be 2(i<t> + <ag*>)

.T 2
c = (ir+y)( °:’s-‘<A?‘> )
-5 +2<8¢’>

(A-10-5)

2

. 2
D E ‘(i<t>+<A,‘>)"- ("'Pz)( Sat<ad™> )

-i§_+2<Aa¢>
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A-10~4
After manipulation, eq. A-10-4 reduces to

<o > (1_ eaio(s-z))

v-ip -4'3. - <A9’> ) 2 2ip(3-0)
705?) (‘if.#l(A’z> <Q-> e

<Q3> =

(A-10-7)

Here <p¢ > is the steady-state solution of eq. II-5-35.
(]
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E S

o

In order to find < R, > we must now solve eq. II-5-22 outside the
steady state regime. As a linear difference equation, eq. 1I-5-22 has the
formal solution

XXEXNR

s atals

ko -1
:' . . -4 [(J’-x)#ﬂ, Re ((l"l’o p) Z <e >)]
i RI> =4<ag’>e ket K
> 3
N 3-1 / . X
2;* 2 4|Ku"+Re[(ivep) Z <p.>
x |<Q ,>| e K'=1 K
H [ 3
’E" =1
'Q (A-10-8)
»
',
Bqg. A-10-8 can easily be evaluated numerically using eg. II-5-35, but
3 an analytic solution that is quite accurate can also be obtained.
s We first find an approximate expression for | 0 > |z to use in the
3| 2
sumnation. In the soft x-ray regime, < 9__) tends to be samewhat small
‘N conmpared to one, 8o that the denaminator of eq. A-10-7 is approximately
}_‘ unity, and
v
‘
"

2

2iD(k-1)
' ) (A-10-9)

2
|<Q“,>| = (<o >(1-e
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T A-10-6
o 2
v N R
- * v_ ':1
g (Bq. A-10-9 is compared to eg. A-10-7 in fig. A-10-1). -9
\’ﬂ Bg. A-10-9 is quite accurate when k' is large, since the neglected
e o
";3 term in the denaminator of eq. A~10-7 is then small. To improve the o
- T
' ) fractional accuracy of eq. A-10-9 when k' is small, we re-normalize to
o K’ = J (where J is the index of the left-hand side of eq. A-10-8) to obtain
o
209
e , 2
ik 2 <e¢,> 2iD (k-1)
»y I<e . >I = " (1-e ) (A-10-10)
8 x 2i0(3-1)
',_-, (1- e )

»
-

The large K’ terms dominate the sum over K’ in eq. A-10-8 since

UL

T
-4 .8 A=8

2
| £ 9“, > |7 is most significant in that case. For this reason we make

<

&
als

ateg

the approximations

n

. J-4
o lirep) 2. <p > = (r+p(I3-1<p >

4 ksl

e E (ir+p)(T-1) <QJ> (A-10-41)

S
b WS Y N

’

K ’
livep) > <9K,> = (ir+p)K <91> (A-10-12)

- x"s1
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o " TEST OF APPROXIMATE SOLUTION FOR |<p,>|?
N TUNGSTEN-CARBON MULTILAYER

) —

0.30 T ,

.-\ Final solution for [<p J>l2 2
N s Approximate solution for I1<p 3>l
4"..
oy c=0
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N Plots are for a W/C multilayer reflecting 67.6A radiation
- at normal incidence. d,, = 7.6, d_ = 26.5A.
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for the summations in the exponents on the right of eg. A-10-8. We note
that these summation terms in the exponents tend to be small compared to
the terms proportional to u” that preceed them.

Bq. A-10-8 is now reduced to the sum of four geametric series

4lae™> I<ej>|‘

-2 -at3-03,
<Ip > = e S
s 2iD(3-1) | 2
1-e
J-4 Var ¥ ’ » , ”
4K 33 2i(K-1)p  ~2i(k-1)D ~4(k>4)D
X Z, e I-e ' -e . + e
Kzi

(A-10-13)

Noting that terms of the form exp(«), where o is of order A, can be set
to 1, and using

-1 dk’ edJ_ ed e“-l
Se = — E (A-10-14)
x%1 e-1 ol
we find:
2
2< ae*>I<p >l
2 J
<I‘§' | > =
3 l 2i(5-1)D |2-
l-e

(continued on nest page )
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continued )

z(f;' D")

b vhere < > is determined from eq. A-10-7, and 's';' from eq. II-5-15.
4 < R; > can then be determined with eq. II-5-36.

_' In order to show the accuracy of the assumptions made in

g! egs. A-10-8,15, we have compared in fig. A-10-2 an explicit numerical

evaluation of the sumation of eq. A-10-8 to the analytic expression of

» eq. A-10-15. Bg. A-10-7 is used in both cases to evaluate < p_ > . Our

usual A = 67.6A example is used.
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RANDOM COMPONENT OF REFLECTED BEAM
- (TUNGSTEN-CARBON MULTILAYER
CONTAINING THICKNESS ERRORS)

g&*
LLE
0.06 T I
Numerical Summation
——— Analytic Expression o=10A

0.04

<l5J|2>

0.02

0.00

0 100 200 300
J-1

Plots are for a W/C multilayer reflecting 67.6A radiation
at normal incidence. d,, = 7.6A, d = 26.5A.

X358 Figure A-10-2
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o Dy
. Appendix 11 - Phencmenological Solution for Multilayer Reflectivity .Q!
N
';‘: in the Presence of Non-Accumulating Errors o
b3 s
e o
- In this appendix we calculate the reflectivity under a simplified ﬁ
N model of non-accumulating randam thickness errors in which the physical e
'_:.;j layer interfaces are taken to be randomly displaced in an uncorrelated way
i from their ideal positions. o
|
3 We use a quasi-centrosymmetric cell decamposition, as shown in q
¥ fig. A-11-1. Here £ andf _ are the shifts in position of the L and
L4
*:):’ H interfaces of the Kth cell.
0
Although we may speak of £ as being the error in the Kth high index
.» layer, it is more accurate to consider £, to be the error in truncation
2 of the Kth high index layer (and similarly for the low index layers).
L The ISRM operator will attempt to perform these layer truncations at
the appropriate points in the ISRM oscillations, and, if the multilayer
\‘ contains more than a few layers, these oscillations will not be
\.f significantly influenced by any one individual layer error in the
, preceeding stack.
ol
‘;-:j Thus, it is plausible to treat the f values as uncorrelated and as having
S
b
N zero mean. However, the more rigorous analysis of sec. 11-6-B ghows that
at
this assumption is not strictly accurate.
oY From fig. A-11-1 and the defining equations in eq. II-1-15, we find
.E:::f after manipulation that the structural parameters in eq. II-1-20 are given
by
%
\:’
v ",') ~ . . M .
gl te o - q 7 ip 2i§ ’IP.'. 2§, , ]
':;’ "7 P = [' A‘S'n?.Q -i (e “1°e (YL e e " )
2]
\“ (continued on next page)
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’ vhere
8% e
-\.3
.\4 .

ar o
N gu « = T €038 fﬂ,l

(A-11-2) ﬁ

2n
,} ;"' = ~ cosbf,
i

‘ Thus, eq. II-1-20 becames in first order

e-ln't. ‘zi;(;".- §u.u ) ¢

) 9!01 - -
A
- _eite T (5. &M)[ % (eip,’, i TP Bty )ois 3'_"]
"u? L2 [

!
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Taking expectation values, neglecting quadratic temms in § , and
neglecting terms of order ¢- A , yields eq. 1I-6-17.

We now derive an approximate expression for the incoherent
reflectivity < | "Q" l") in order to show that our neglect of quadratic
terms in § is reasonable.

If we take the expectation value of eq. A-11-3 without neglecting
terms of order ¢+ A or N neglecting terms of order 72. A, and
A’ ), and then subtract from eg. A-11-3, we obtain the following equation
for §

'6 = e <9->

(323

-2it, [eﬁi' ) e‘?i"( <hy> o<t > )]

tpe

‘ -~
-2it, e';’ “I»,l— ‘u,-) - e."' % [e' "0 (ez';s,ueif‘;;,u’ ;.,..)_ e'2<;. >(1+9 ))
«

. . o~ 2 -
- e—a “‘.(e&aﬁ.'“ ecq “"g)- e'l(‘.‘ >(1-4 )]

= it| ip , N¥(s -E ) -2i -2<82>(1435)
-<p>3e '°[ep"'°(e Vo) Hhue 202D

" -

2
- -2i it - -2<§ > (1-37)
e Pn,o (¢ * ‘c,u 9 “4.,& ;u ) e ;‘ 1 )]

(continued on nert page)

------

o A % 41t VR vt - . . N ]
. D T T K T T T \\ ...... D, “ .

* R P S T el L I T IO IR S S P YA S ST S S B SR SR Rt T R
- o N e e e e e e NN S e e e e e e T T e
Y . . . .




“- [}
2 A-11-5
v‘{:
i
N =3it, 3§(6 -6 M.~ §, 0B, -2ig -ip . -2i |
X -2¢ ‘e MWK :A;?.*'f(e We wr.e "¢ “)j <82,
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‘ ( A-11-4, continued)
e When we take the magnitude squared of this equation, we will find
- M ~ 2
e that the principal driving term for < | Q@ | > is the magnitude squared of
- the third term.

2

Since our purpose in calculating <|§ ["> is to verify ocur basic

: 2
a:\> assumption that < | ] | "> is a very small quantity, we will, for purposes
3t
of illustration, make the same simplifying assumption as was used in
, obtaining eg. II-6-23, namely that the L and H layer errors have equal RMS
En
Ty magnitudes; for a fixed total RMS error per cell we would not expect the
‘ relative proportion of the L and H errors to dramatically affect the
- result.
" If we take the expectation value of the magnitude squared of this
-I third term, neglecting terms of order A‘ (but retaining terms of order
N 4’ ), we obtain
, "“ z
13 3 -4 <§*> (143 -a<sts
- 2 19| A< > (10F) w0 -4<§>
< Term #31°> = = [1-e +g e sin(2p, ;)
X (4-11-5)
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The lowest order terms in this result are of order A’: to this
order the term becomes

o2 -2<EH
<|Term #3|z> = |q| e ¢ sink (2<§*>) (A-11-6)

We draw two conclusions from this result.

First, since the principal driving term is of order A , <| (] *>
will be of the ocder of Ai divided by the magnitude squared of the
coefficient of § in the second term, less unity. The latter has a
magnitude squared that is of order A, 30 we can expect that <l§'|&> will
be of order A .

This means that we need only retain terms of order A" when squaring
eq. A-11-4 if we wish to cbtain a steady-state solution for <|§ |*> that
is accurate in lowest order.

S8ince og. A-11-4 contains all terms of order A, it will be possible
to cbtain all terms of order A' after the equation is squared, since the
lowest order terms in the equation are of order fK

Second, if we compare eqg. A-11-6 with eq. A-11-5, we see that we can
sinplify eqg. A-11-4 considerably before squaring it if we are only

interested in terms of order A .
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'-&: By oconsidering each term in eg. A-11-4, we find that it can be
written in lowest order as

- 7] s, 2ig 24> - 2i¢ -2<¢t>
‘.-v-’ s © 7 7[e " (e ‘i-e ; -e' u,o(e e ¢ )

- %, e I<p> %, [e.m"ei wo_ @ 2% e.;P""’]

-Zit.(

: 2§(6 =4 )
(: +<P‘>e q’ LK ‘n,l _1)

2N ~[ ; -2 -2¢4? -i -2i -2<¢t
) B Y

(A-11-7)

'y

Denoting the five terms in this equation as A, B, C, D, and E for

gl

N I RS

simplicity, we £ind

4

¥ ]
S

3
2 -2<¢> 2
<IA>= |Gl e sinh (2<§ >)

NN
L p

7

<AB™> = <A"B> = <AC"> = <A'c> =0 M

g 4

. 2 24§ > “
<AD™> + <A'D> = -Bessp, 151 <5’ >e Re (<p>) :

‘l
ot

s
7

|
£l

»
g . . ) -6<§ > 2
Y.} <AE> + <A'E> = 2131 s (28, e sink (2<§°>) Re(<p>)

W ”

a2 ~4u
<isl™> = <ifl™> e

b (continued on nxt page)
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-2<§ >
<BC'> + <B"C> = 4e 6 In('r.<p>) <|"§|‘>

<BD'> = <B'D> = <BE"> = <8"E> = o

n‘
i 2 2 a<gty
“ -~ L ‘ ‘ hd
<ICE> = - 2050 <F> 1<p>1 (1€ T eoslzp, )
: <Ep'> = <c'0> = <CE™ = <c%E> = 0
}
: 2 38 2
~ <IDl > = 213l <§ >1<p>]
_' z<;l> 2
it L ] a 2 -
<DE'> + <D'E> = -deasp, IFICE>E 1<p>1" Re(<p>)
2 4 z<;'>

H - 3
. <lel > =gl I<p>l e sinh{2<§ >)
!
‘ (A-11-2, continued)
.
: If we solve for < | |°> in the steady-state we cbtain eq. II~6-19.
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Appendix 12 - Effect of Interlayer Diffusion on Unit Cell Parameters

In sec. II-6 we have considered a model for interlayer diffusion in
which the ideal sharp-interface structural profile of a periodic bilayer
(shown in fig. II-2-1) is convolved with some smoothening function g(z).

Since the cell structure is centrosymmetric and the multilayer is
periodic, we might regard the cosine transform that defines the parameter
r in eq. 1I-1-15 as a Fourier transform, and conclude from the convolution
theorem that the effect of diffusion will be to multiply r by the Fourier
transform of g.

In this appendix we show that because A (z) is periodic, this
conclusion is correct even though the parameter r is actually a truncated
Fourier transform, to which the convolution theorem does not apply.

We let B denote the Fourier transform of A (z) , where in our

notation the Fourier transform is defined as

o0
2% if
B = FT(a) E sz e 1t A (z) (A-12-1)

We denote convolution with an % , and use a prime to denote
parameters that apply to the diffused multilayer. Then

Afz) = A(z)n g (2) (A-12-2)
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B = B6 (A-12-3)

2

v
.
a

where

"" e ..' - ,
E

y .l’ .I‘ ." .l' 'l'
‘v
LI )

&
||

FT(g) (A-12-4)

If rect(z/d) B 1 for |z| € ar2, and zero otherwise, and if we

define

A = FT|A(z)rect(2)
(A-12-5)

A’ E FT A,(z)rect(-z-)

d
cos 8 fe %

(continued on next page)
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(A-12-6, continued)

Using the identity

CRRCINO T

where

COMb (x) = Z s(‘_n)

we have from eqs. A-12-5 and the definitions of B and B

B = Ad comb($d)

’

B = A'd comb(fd)

(A-12-7)

(A-12-8)

(4-12-9)
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At frequencies where the camb function is non-zero, egs. A-12-3 and 9

LR

P U,
AR YR AR

(A-12-11)

Ifd=n

AG

|fd=n

which, according to eq. A-12-6, is the desired result.
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Appendix 13 - Analysis of the Ring Cavity

In this appendix we present an analysis of the ring cavity devised by
Bremer and Kaihola (1980).

We first calculate the limiting throughput of a cavity made fram
grazing reflectors having a camplex index of refraction ng.
Let § be the angle of incidence to each surface. At each reflection

93 = 1*N (A-13~1)

where

N=NeiN'=2 20 (A-13-2)

nsind = sin(% - §) (A-13-3)




AT,

A e L Rt e Rt R N

Since

we have after manipulation

4ne(/_

Rs-=> i-

A-13-2

= X (A-13-4)

2N
1+ IN*

% - ]

vy (A-13-5)

a&
1+ |n]

—4R¢jn_--)

%)

= e

(A-143-6)
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The total number of reflections M is /5 , 8o

4
o, = Rs" - e Re ,n:-x )

(A-43-7)

By similar steps, we obtain for the P case

a = °"P - ("”")

To first order in A. E n.- 1 , egs. A-13-7 and 8 both reduce to

' A 1/2

-2r T3 2 ¢ Ry > w2
JEY (&) (&) (a)

=
Gm e

(A-13-9)

”
If A. is now treated as small compared to A’. (a good
approximation at shorter x-ray wavelengths), eq. III-2-6, first derived by
Bramer and Kaihola (1980), is obtained.
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.-.-. The coefficient of the second order term for A. in eq. A-13-7
" differs fram that of the second order term in eg. A-13-8 by a factor of 7;
\3: at very soft x-ray wavelengths (greater than 758 or #0) eq. A-13-9
therefore becames inaccurate for certain materials.

We now cbtain an approximate formula for the number of reflections
EN M, /s required to approach the limiting throughput. To do so we must

work to third order in § ; for simplicity we retain only first order terms

L in A' .
We must calculate

e - x/‘
N Q = ( 1-p ) (A-143-10)

where

3 (A-43-11)
1+(wn

,§ I;:-i-r.sinz;
N = (A-43-12)
J

sin§
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Por P <L 1, eq. A-13-10 reduces to

- - '/‘
20
R _am,_ 2n
s,P Pa P;
P-z*7
L e -

We find after straightforward manipulations

Rcu'z_z.-) i (i.,_i);*

$14- 1A 1

ro(a)+o(s*)

Then from eq. A-13-13

Q,, (M) = Q(M=>o0)

RC(J;T.)

18,

cexpl|-2x

(A-13-13)

(A-13-14)

(continued on next page )
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(A-13-15 continued)

If

Q(M,) = 30 (M = o)

then from eq. A-13-15

Zu’b(% = a)

h in2

vhere

.
LYY

(A-43-16)

(A-43-17)

(A-13-13)
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AI
- — . < (A-13-49)
Fw(u (&) + (&)

If eq. A-13-17 is expanded in powers of A7 / A'. with only the o
first order term retained, eq. III1-2-7 is cbtained. "
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Appendix 14 - Scalar Model of Smoothening Films Roughness

Our formalism follows Eastman (1978), and treats the reflection from
each interface using scalar scattering theory. In a nutshell, the theory
makes the assumption that the near-field reflected amplitude above same
rough feature has a phase aberration equal to twice the local roughness
height, but is unaffected in magnitude. In essence we take the magnitude
of the reflectance to be given by the undegraded Fresnel coefficient for
the interface.

Eastman (1978) cites conditions that must cbtain in order to apply
this scalar model to reflection from the interfaces.

1) The slopes of the irregularities must be small enough that the
Fresnel coefficients be constant. (This is a generalization of what
Eastman says.)

2) The radii of curvature of the irregularities must be large
campared to the wavelength.

PFollowing Eastman, we will also assume that shadowing and multiple
reflections between the rough features in a single interface are
negligible. We also neglect bulk scattering. Carniglia (1981) discusses
the conditions under which bulk scattering can be treated with a scalar
approach.

When applying the scalar theory to the case of multiple interfaces,
there is an additional requirement that we must impose that is
considerably more stringent than the single-interface requirements above.
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This requirement is that the transverse spreading that the beam

¢,
A

undergoes as it is reflected fram the finite-thickness multilayer, due

i,

- 'f’;* 'y
2
[ 4 'l' r.—‘l' l' l‘ l‘ l. l. -
"‘hl‘t.'r et 4
LT

.:Ej either to diffraction fram rough features, or to the transverse
; k displacement that occurs following oblique reflection fram underlying
o \. -
ﬁ: layers, be small compared to the width of a typical rough feature (8o long S
Ry
3 as the beam remains within the structure). Each local region of the e
8 multilayer (i.e. the region in which the interfering partially reflected .__:
"3 camponents of the beam are generated) can then be treated as m
< one-dimensicnal, with the defects being essentially randam thickness ;fjfj:
X3y o
Al errors rather than roughness of varying height. o
._ Quantitatively, the requirement that displacement due to oblique H
AN o
X incidence be less than the width of a rough feature can be written
_.\‘u.ﬁ n.‘_‘gj
o N
Ay o
¥ ER!
s
2 N-d-tang, << AL, (A-14-1)
P
.'n.?‘;-'
v
.i :! l
'if where 1. is the transverse autocorrelation length, 9° is the angle of
il
» :'.i: incidence, 4 is the period length, and N is either the number of layers,
e
j"‘ or the effective mmber of layers as limited by absorption or structural
defects.
f‘f"z, We now show that eg. A-14-1 is equivalent to a requirement that the
f‘ angle between the diffusely scattered radiation and the specular beam be
AN
within the acceptance angle of the multilayer. Loosely speaking, we might
?’U" describe this as a requirement that the multilayer must continue to be
M
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highly reflecting despite any departures from the Bragg angle caused by
the finite slopes of the rough features.
If ¥ is the angle at which radiation is diffracted away fram the

Bragg angle by a typical rough feature, then

A
L cos6,

Y ~ (A-14-2)

where 60 is the angle of incidence. Pram egs. 11-3-16, 9, and 30

~ " 2 _ and .
50 4 = A = = Sy sing, (A-14-3)

Using egs. A-14-2 and 3, and setting 6, = 6_, eq. A-14-1 becames

vy < seo (A-14-4)
Fwhm

Eq. A~14-1 involves only the transverse displacement that occurs due

to oblique reflection fram a multilayer of finite thickness. At normal
incidence, the dominant transverse displacement will be that due to

diffraction from rough features in the lower interfaces. Bg. A-14-4 can
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A-14-4 ¥
be shown to express this normal incidence requirement as well. ____
Eq. A-14-4 can be shown to be more restictive than the single .1
interface conditions 1 and 2 above. We consider condition 1, and show L
that SRR
1 ds 1 de
s 30 < v 7 (A-14-5)

vhere s is the single~interface reflectivity and ¢ is the multilayer
reflectivity, so that if eq. A-14-4 is satisfied,

Yl% %l « L %d!%‘ K 36y %%%l ~ 1
(A-14-6)
Por simplicity we consider S polarization; then
S = i:: (A-14-7)
wvhere
x = S (A-14-3)
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e with 6 and 8,  given by Snell's law. o )
b
:',-'. Then we find that in the x-ray regime %
w
:‘;' . :.:

i ds - .
s 90 | ZtMQ‘ (A-14-9)

from eq. II1-2-11 we find

g de 1
0 S = 1 -44-10
- since [$]| {< 1 , egs. A-14-5 and 6 follow.
7 Now let a be a typical radius of curvature for an irregularity

3

P2 A
bt

Woetatn

(condition 2). Clearly 1, § 2@ if we assume non-periodic roughness.
Then away from normal incidence, we require according to eq. A-14-1

5.9

.
AR
l.l‘l‘

N-d-tanB, << 2a (A-14 - 11)
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A-14-6 i

Main it is straightforward to show that {- >> 4 in the normal

incidence regime as well. o

Thus, the requirement that the region sampled by each ray in s
traversing the multilayer be trangversely small campared to the width of a
rough feature is a sufficient condition for requirements 1 and 2 above of
the scalar scattering theory.

We mote that since 59““ is likely to be of the order of the

field of view in an imaging application, the scalar theory can be applied
to roughness which scatters radiation within the field of view.

Given that a one-dimensional formalism can be used to make a scalar
treatment of reflection fram the rough interfaces, it is then necessary to
calculate the statistical properties of the near~field radiation, and to
propagate the radiation to the far-field.

We now briefly sketch the requirements of the statistical calculation
and the far-field propagation. The formalism is essentially a recasting
of that of Eastman (1978) into the notation of our difference equation.

I1f W, is the total power in the intercepted portion of an incident
plane wave having propagation vector -l-: , then the diffracted amplitude

is given by
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A-14-7

Bere 1, is the Adistance from the point x,y to the observation point, and
T (x,y) is the position vector of x,y. We have treated the multilayer as
an LxL square, have set the obliquity factor to cos 6, , and have set the
incident amplitude to | w, / L” cos e, )“/‘1 . The coordinate system is
that shown in fig. IV-2-2,

In the far-field

l/z

cos 8 W -ikxABcosO, -ikye
u = (] (] o ,
Ar, } L*cos e, dudy € € ®, (x.y)

=t/

(A-14-14)

Eq. A-14-13 assumes that 9; is measured at a planar interface, as
will be the case with our near-field analysis of smoothening films. The
cases of roughening films and columnar films are discussed in Appendix 15.

If L > 1., we would expect that

<lu(ag,e)l*>  (A-14-15)

n

lu(ae, o)1

This assumption, that non-deterministic effects will average out when the
structure contains a large number of rough features, breaks down in the
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;‘ far-field at very fine scales; however we neglect the fine-scale speckle ST
: that in principle is present following reflection of an ideal _ .
b monochramatic plane wave from a rough surface. : s«»"
& Then '\"“i
f t/2 el
| W cos 6 : ’ . . -
) 2 0 ~ik(x-x)ABcos8 -ikly-y) 3

y ul" = ——% dxdx'dydy’e e 777

A vy L
Z ~t (A-14-16)

2
A .[l <Q,>| + 2Re (<'§"(x,y) < Q:>>) + <'§:(u,y) -é'; (x’,y) >]

~

-

.

N 2 W cos ©

. lul = ===
AL,

- ‘/‘

; ~ik(x-2") A0cosO, -ikcy-y)

: . IJI ded’dydy’e e ¥ '<(>’>|‘t

~¢/a
' L/2

: , -ik(x-2') A0 cos8, -ikly-y) ,

y + I dxdx'dydy’ @ ' ve 7 Q<'§"(u,,)§':(:',y)>
. “t/s

l (A-14-17)
\

\

‘

N e T e T TN 4
o a'e A o2 ” P



RN e T TR L R I T e o= p———— ey

........................

A-14-9
or from eq. A-14-14, g:i
lul” = <ust + :::-
i
-:?:%:—:% . Jﬂ‘d‘dxldyd/e-iku-r’)AOmO'e-ik ty-y) ] <§;“", ";' “:,/’> .‘j_::...:-._-f,

~ifa
(A-14-13)

Since the argument of the transform in the first term of eq. A-14-17
is independent of x and y, |<uUD>|* becames a delta-function of the
scattering angles A 6, ¢ -

Since this component is not spatially dispersed and has a
deterministic phase, we can regard it as the specular reflectivity. The
secand term of eq. A-14-17 is therefore the diffuse beam.

Given our choice of normalization, eq. A-14~17 has the dimensions of
power per unit projected area, i.e. &i/dA, . In the coordinate system of
fig. Iv-2-2 we will have

dA, = v, d(aB)de=T,d0 (A-14-19)

This will hold even near normal incidence. Thus, we can factor out the
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3 incident power in eq. A-14-17, and write o
$"2 :_n:‘.‘
‘.f':‘“ o, :'.',-::'{'
X 1 Msiected 2 2N
W, 40 = '<?,>| s(R) he)
= Y
:::3 cos o‘ ’ , =ik (x-x") ABcos@ -ik(,-]'), \.:.
Y YT |l dxdxdydy’e ‘e <y} y)> i
i " B
(4- 14 - 20) R
R "
hatts where the § -function is centered at 6 = 6,, ¢ = 0.
Ao Since the total near-field power is {
'h
‘hi
w o

¥ w [] 2
Fas” Reflected =
1% L¥cos 6, jfd(x wsB)dy l QJ“’,)l

o Y

X (A-14-21)
o we have assuming W& <w>

20
,
£
"% - < + <Ig > -14-22
o2d Wastiected Y% (l 9;>l ?:l ) (A-34-22)

:
]
- Since W.!(QJ)I" is the specular beam, we have that the total power

- in the diffuse beam is

Xe,
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We will assume for simplicity that the roughness is isotropic, so

(AN

that egs. IV-2-3,4 hold. Y

Then, if 1,<< L, we can convert the second term in eq. A-14-17 .
(diffuse beam) into a FPourier-Bessel transform (Goodman, 1968, pg. 1l1), to
obtain eq. IV-2-5.

In the text, we have defined the far-field amplitude reflectance to
be the (properly phased) quantity whose magnitude squared is the far-field
power per unit area divided by the incident power per unit area. The
latter iswW, / L? cos 6,, 80 eq. IV-2~1 (suitably modified for roughening
films as discussed in appendix 15) then follows from eq. A-14-14.
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A-24-12 L

We now use our difference equation formalism to determine the
statistical properties of the near field reflectivity Q:(n, y) in the
presence of smoothening films.

In the simplest case, the local one dimensional structure with
smoothening £ilms can be taken to be that of a multilayer containing
non-accunulating thickness errors. We apply the phenomenclogical model of
sec. 11-6, assuming for simplicity that the multilayer is periodic (it
would not be very difficult to generalize the smoothening films case to
aperiodic structures as was done in sec. 1I-6).

We note that this analysis uses the unit cell decomposition of
fig. A-11-1, so that ®, is provided by the formalism at the fictitious
planar interfaces that separate the cells.

Assuming Gaussian statistics, we then obtain eq. A~11-3 giving

®,,, intems of et 28 discussed in sec. IV-2 the derivation is the
save as in the one-dimensional case. If we take expectation values with
terms of order ¢ - A neglected, and solve for < ¢ > in the steady-state,
we obtain eq. IV-2-10 for the specular beam. By manipulations similar to
thoee in appendix 3, we then obtain eq. IV-2-9 for the specular beam
outside the steady-state,

By. Iv-2~12 for the diffuse beam is based on a slightly different
! one~dimensional model for smoothening films; this revised model allows us
to oonsider the effect of finite longitudinal autocorrelations.

TO & 80 we must assume that in each cell the upper interface of the

central layer replicates the roughness profile in the lower interface of
that layer.
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4 ::
‘3 , We then consider varying degrees of longitudinal correlation between 'f"f.‘
f the roughness of the upper interface and the roughness in the layers that Z‘T;J
~ .
,",':3' are deposited on top of it. S
4':1 Thus, referring to fig. A-11-1, we take fur = f, = {“ , and .-_:
LS » ' ..’
v following steps similar to those used to derive eqg. A-11-3 in appendix 11,
?:‘f we obtain
ot
3!
:-)3
b .
(x,
o enx ”
o
}i: = e °?,(m) -gqe 'smP..,. -qe  Tsinp, o0 (x,y) (A-14-24)
w:_\ - «
\<-.!
X 2%
{3 where ;u £ ( /A)wse.f. .
X The steady-state solution is eq. II-6-23 (which also obtains if the
N2 profiles in the upper and lower interfaces are uncorrelated, but have
:'.3 equal RMS magnitudes).
L o
3 Now, as a prelude to deriving eq. IV-2-13 for the diffusely reflected
e intensity in the presence of finite longitudinal autocorrelations, we
b consider a crude model in which there is a step-like longitudinal
A
."'# autocorrelation that extends over 3 cells (where j is an integer greater
N
oy than zero).
:’ The autocorrelation is step-like in the sense that
.;:"\:
B0
&
W ;u = ‘na = o F ;uj (4-14-25)
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Wy




WwF o AL A Japdt 4y i - i - g
lupd - - SR L w8 L, N - -t - . - ~ * . - - - - . E . i § T e we v —
SRR i - s Y T N T T R R T R TR I T T TN T R T I LA
o AT A
AN
- -
LA
A RN
3
N
.

A-14-14

AV
ot

e wma

\?f\ . 2
<{"> otherwise

&
LARAAA
.‘_‘i‘

(A-24-26)

.
AR

a0
57y

Since A << 1, we can use eq. A-14-24 to express ¢ __  in terms

: (A-34-27)

to order A, where r, is the defect-free value of the parameter r.
We will assume that j is sufficiently small that

B A N R
AROMELRA N AR
: B -',l’.;:,;‘.e.

i‘: lial <« 1 (A-14-28)
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so that the group of cells within one longitudinal autocorrelation length
has only a weak interaction with the incident beanm.

Under this assurption we can coalesce the j cells into one by
successive application of the steps in eq. A-14-27, to obtain

-2ijt 2i§ -2i N
'e' - jiv,e * -jiv, e b °, (A-14-29)

©
n
L)

Koy

The only effect of the step-like longitudinal autocorrelation is to
multiply all cellular parameters except §{ by j.

_ Because of the step-like autocorrelation, the identity expressed in
eq. II-5-6 still obtains. Taking the expectation value of eq. A~-14-29, we
then obtain

2
~2ijt, -2<§ >
<R...> ™ e ’ <e > ~iive ;

[ T}

2 2> -2<8>

2
-_;ir.<Q.> e -jir.('é")e
(A-44-30)

assuming Gaussian statistics.
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Subtracting from eq. A-14-29,

w“-' .o & ‘
N - -2ijt, g 2 ~24¢7> -2if  ~2&§>
g ?m- = e F,,"'J"Z e ‘-e )-Jir.(e . e )

- -
i — —_—
2 A ] ¢
E 2 -2ig 2§ a -2i¢ 2

PN - n‘r Ld - 0 - X ~

;“-\' Jiv, e <9‘> Q‘ Jiv,e , TJine <Q‘ >

. AN [ W \__\4 . )

N . v

)] E F

' (A-14-31)
+ "_:
253 We label these terms alphabetically for convenience.

.‘;‘.1
AW Asinappendixu.weexpect'é'tobeotordetjA. Then
-.',:-" -~
i-.‘: A~ (1+4A)F ~ (1+8) fA; B~A; C~ A;

~ e

bt ~ Ya 2 3

i D~A§F~A4A"; E~A; F~ A (A-14-32)
a‘.’

N Since our equation for § contains no terms of zero order in A

L,

;% (i.e. no terms of order <Q > or unity), and since it contains all terms
L] -2
{”4 first order in A , we can square it to obtain an equation for Q

i 2
i accurate to order A . We neglect all terms of higher order than Az in
BN U
:f; driving terms and coefficients of | (] | , and take the expectation value.
g We £ind
7‘1“‘
- 2 aju" 2 a<t>

' -4 A 2 3 -

) <lp I'> = @ TI> + -
\:3 Ploj <l Q.l > J |7.| (1-e )
A <>
A T 4 -4
R *iTIn " 1<e > (1- e )
v ( continued on next page)
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(A-14-33, continued)
In the steady-state

S lr,l" -2<§">
<|?| > = J -;—?-; e d sinh (2<z‘>)

2
X [1- 23-4<; > Re ((9)2) *|<Q>|‘]

(A-14-34)

where ? is given by eq. IV-2-11.

Under our assumed step-like longitudinal autocorrelation function,
the diffuse beam scales linearly with the autocorrelation length jJ.

We now consider the effect of a non-step-like autocorrelation length.
We first coalesce together the layers K through K + h, where h is a
*large-small®" integer assumed to be larger than the number of layers
within one longitudinal autocorrelation length, but small campared to the

reciprocal of A .
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When we coalesce the h layers, we get

-2ikt, LA 2ig Keh-4 -2
?lth = e ?u-;r‘ Z e 4_”. Z e ;1 Pz
4=k =K X
(A-24-35)
80 that
_ _Cdikt L 2D 2™
<Qnou> - e .<9.> L A "“lT.C b <Q“>z
EoA-3 -2i¢ Keh-1 -2i¢
o> CE g > < E e
qs o= x &
(A-14-36)
and
- -z;ht’ Ko h=-4 li; -z<;‘>
~r - . ’
elob = ?. "o E‘ e = he
Reh-4 ’3:& -2< l.> 2
civ [ S &M ineEC <¢>
d qsK
Keh-4 -2i Reh-t o
-2ir<p > Ze‘q-‘;_<ze ‘15>
K q=x . qak x
(4-14-137)
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In the soft x-ray region, we usually will have v < ¢t and
<Q> < 1, 80 that Y<Q>/t <& 1 ; the final term of
eq. A-14-37 is therefore the least sensitive. (The last term also
vanishes when < R> attains its largest magnitude, as ;q = 0.)

We will assume that in this least sensitive term we can make the
substitution made above with the step-like autocorrelation function,

namely

<E TR = ES arts

(A-14-38)

2 2.
Then to order A (dropping terms of order A @ ) we obtain

eq. Iv-2-12 with

4<‘3> Kéh-4 Keh g t z;{gq- ‘q') 2 -4¢€ £z>

> > <e D-he

A= -:—e
qsk  Q=k

(A-14-39)

L s>
B= - e
(continued or mext page)
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(A-14-40, continued)

e We now assume the Gaussian bivariate distribution of eq. Iv-2-14, so
Y

N that

A

X

o

f: Kehet KoR-2 2

y i 4C (s) <§ >

\ -—

- A= 5 2 2 e ° -k (A-14-41)

q-“ .g“
~.;
and
5
0y

N R RO R
‘ B=h- 2 2> o ° ;

Q=K "0&

(A-14-42)
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Because of our assumption that h is large campared to the
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longitudinal autocorrelation length, these sums will effectively terminate
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e e
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as C (s) vanishes, and 80 A and B will be independent of the upper limits
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on the summations. Bgs. IV-2-13 and 12 then follow.

1£C (s) has a width s , then the longitudinal autocorrelation

Trr
length is given by J & 23," 4+ 1 (s cannot be negative), hence the
appearance of the above expressions for A and B. The magnitude of the
diffuse beam will now scale approximately linearly with 2s v * 1,
rather than exactly linearly with j as with the step-like longitudinal
autocorrelation.

We row calculate < 'é" (x,y) ‘é':(n',y') > in order to
obtain the angular distribution of the diffusely scattered radiation.

Using eq. A-14-31 with j = 1, and assuming now that the statistics of
the roughness are Gaussian bivariate in the transverse direction

(m. IV-Z—3,‘), we fi!ﬂ

-~ ~e _ “4“, - ~.’
<9l0£ ?ut > = e < ?l Ql >
- -z<;'> — e
+2ir, € <t © >
2, -4<gi>(eCv)  -a<y’> .. 2
tir,l (e -e )<Q >
®
- 2 v - :
+Ir.l"(e 4<§ > (1+C ) —e 4<§ >) <?‘>z

2 . 2 - - s
+l'r,l (e 4§ >(1-C(v) —e Y4 >)

2 3
-4<§ > (4-Clv -4<§ >
PREEm) Y e 1

+|'r,|z(e

(A-14-43)
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The steady-state solution is eg. IV-2-1S.
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N
’
> Appendix 15 - Analysis of Roughening Films and Columnar Films
b This appendix first considers the effect of roughening films,

i.e. roughness whose one-dimensional analogue is accumulating random

s thickness errors. With accumulating thickness errors the unit cell length
is not oconstant, and the total thickness error in the multilayer increases
in a random walk fashion as more layers are added.

Paobd &

Thus, in ocontrast to the situation with smoothening films, our
formalism will provide the near-field reflectivity QJ (x,y) alonga
rouwgh surface, so 9, (x,y) must be propagated to a flat plane before
X taking the Fourier transform.

If in fig. Iv-2-2, rp(t,y,z (s, y)) is the distance to the
observation point, and 3 « the propagation vector for the incident
plane-wave, then neglecting terms of quadratic and higher order in the

WP WA,

scattering angles A6, ¢

-b -l
k‘ Tre krp = (onstant

{
3
g
h

3 ~kxcosf, A8 - kyq - thoseoh:(n,y)tkk:(x,y)sine‘ Ab

wt

3

- (A-15-1)

{4; where ¥ is the position vector of a point on the rough upper interface
' (measured relative to an origin in the defect-free interfacial plane), and

" where

e,

[~

'

-

BN

o

‘I

]

q

............



-

Pl
DRl R R Rt S
YOO

“ANEN

(P A
)¢ i' N x’
AR A

)
e

‘.,,,.
KR

/.4

e

ra7d,

L APt

el
L

R (n,y) = Ad ¢ = -
3 (%7 asi %) 2nco38, k=4 A’u(.',)
(A-15-2)

We can simplify eg. A-15-1 by neglecting the last term (although the
analysis can if desired be worked without this simplification). The
neglect is permissible because in cases of greatest interest,

A~V K80, T~N=~ (u")" ,ama<ag>~u"
(sec. II-5), 80 that < h_(x,y) > ~ JJ- <A¢*>:-A~1L ,am
from eq. I1-3-21,

-8 a
keh,(s,y)3in0, 40 ~ 2.5x10 (2d.) <K (A-45-3)

Then what we will call the "flat-field propagator®™ becames

F-3
e-z.a 0sf hy (x,y) _ e&- E‘ Ag cx,y)

(A-15-4)
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We must now calculate the specular reflectivity by evaluating

<e:e Lt (A-15-5)

Assuming Gaussian gtatistics,

I-1
2>

A -2(3-0<A Q"
<ee @ Th s = gy FTNAY

-4
2> A
- <g e m > (4-15-6)

To evaluate the second term, we begin with eq. II-5-13, combine the
second and third terms into an exponential (valid to within the neglect of
a 3
terms of order A ,(A¢) ), to obtain

25 -2iae
= e [ 4 e K ~

Kol X

7ol

-2(ibg + Ag - <89'>) <g >

~2

- (iror)(@':- <9? >)
(A-15-7)
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where 3'. is given by eq. II-5-15. Next, we multiply by the flat-field
propagator of eq. A-15-4, and take expectation values

[ 4 [ L3
YD 2§ i
<% e ¥ W <% ez"%‘A’l'>
x

L
_ 3z A
-z<(.A9.* A,: - <agt>)e il ks <e>

53 a

2
-(iYOP)(<$:e x'sg ’.-> _ <,§,z> e-lk(Aq))

(A-15-8)

where we have assumed that absorption is in steady-state, so that
-~ -3
<R =<t> ad<§ > = <F >.
We now show that the sum of the two quantities in the final term is
negligible. (This will require a fairly involved analysis.)
Using the identity of eq. II~-5-6, we have (note the upper limit of K

on the summation)

L]
23 A -2k<Ag™>
<Fle s > - <§>e T

= e U (A-15-1)
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3 U = V. - <g>e (A-15-10)
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L7 and

by

~2 32 Ag¢,

V“ F3 <?‘ e x4 D> (A-15-1()

According to eq. A-15-9 we must now show that U is small, in order

e

to justify neglect of the final term in eg. A-15-8.

P/

If we square eg. A-15-7 neglecting terms of order A‘ r -4,

( Aq)’, and 'é" , multiply by the flat-field propagator (upper subscript

? on sumation set to K), and take the expectation value, we obtain
3
o -
43, -2<oet> . 2 -2k<aei>
3y =e e V. - 489" <p > e
e [ %3 L [ 3
&
N X
2 2 32 Ag,
¥ ~4<9 > <T liag+38q -<hg>)e * >
;l
-+
(A-15-12)
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The last term of eq. A-15~12 can be shown as follows to be
negligible. We have

]
liz ad¢.,
<‘{i'“¢ aeg ¢ (;A,“fsAQ:-<A,‘>)>

2iAe
= w.-s<A9.e t>

+ W‘-s <AQ: ez'A’- >
-z(AQ”)
- Y
W <49 > e
= 0 ((A?)’) = 0 (A-45-13)
where
[ L3
3#Z Qe ,
W = <fe *™ *> (A-15-14)
" [
80 that eq. A-15-12 beccmes
4T -2<aq™> 1 ~ak<agt> 2
= ¢ ‘e V -4<A¢>e <¢ >
Red [ 4 [ S
(A-15-15)
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A-15-7

If we square eg. A-15-7, take its expectation value, mltiply by the
expectation value of the flat-field propagator of eq. A-15-4, and subtract
from eq. A-15-15, we find

43, -2<a¢’>
U,=e e 7]

Ked K

-2(k-1) < Ag*>
*8<ae’><F > e ¢ (A-15-18)

where U‘ is defined in eq. A-15-10.

If the absorption is in steady-state, we have (using eq. II-5-23 and
the approximate solution for < @ > in eq. II-5-28), that the last term can
be written as

-2(k-2) < A 9*>
2<a*> <5 > e !

2
2 ~2(k-1) <A¢p >
1<ag’S e ?

-
-—
-

<he’> )"’

(-iT+2<ae®>) (14 ST

(A-15-17)

We rnow show that this term is quite small,
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In the soft x-ray regime, we can set

A -8~ 1<t> ~ u" (A-45-18)

PFurther, if absorption is in steady-state,

K -1 ~ "’/u” (A-15-19)
By

iy 80 to order of magnitude, the last term of eq. A-15-16 is

5%
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- (A-15-20)
° (1+2y)(1+y)
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Considered as a function of y, eg. A-15-20 has a maximum value of
0.26 p* u” aty = 0.46; at other values of <Agq"> or at
significantly different values of K, the final term of eq. A-15~16 will be
still smaller.

Thus, if we treat the final term of eq. A-15-16 as having this value
in steady-state, we will obtain an upper bomd an U, .

The steady-state value of U obtained from eg. A-15-16 will then be

PY)
0.16¢ « 0.16 Q:u'

U~ ~

4iT-2<a9"> 49u

~ 0.039: < 1

[ 4
(A-15-22)

Thus, we neglect U in eg. A-15-8. The remaining terms of the
equation are straightforward to evaluate. As a linear difference
equation, it then has the solution

x-4
2 Aq,
<'§' e x'sg ?l >
x
2 s ., x-4 -2i 3'., 2 AQ R
= 4< Aq»‘) e o <p.>e =1 ¥ e w2t
x"=4 X

(A-45-23)
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We now substitute from eq. A~10-9, with the additional approximation

o pic s
2.5 8 >

e S

D& i<Ae'> - <t> (A- 15-24)

B which is most accurate when the "Q" factor in the second term of
eg. A-15-6 presently being evaluated is largest, i.e. when this second
term is most important relative to the first. The substitution from

Rtk T

eq. A-10-9 is also most accurate when § becames large relative to
<Q>.
We obtain

it L

o g

Tl L n Sw -201)<A0">
=2 <Ag'><pde ¥t " D> e M e

[ £X3 u'

2> T uet a(ivep) 2 <@ m> -“k’-l)(A#)
-4<b P> <> e “S e st ¢ e

n'st

Vo

. ai,‘f,’f;”

(A-15-25)
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3
,, We make separate approximations to evaluate each of the two terms on ki
1 LS
the right. :«.}
; In the first term. we canset §,» & 5 . When <A¢ > D u, :j
E ’ e
3 §,+ ¥ = <t>since <g> K 1, on the other hand when st
N ‘\ -
- <ae*> < a4, large K™ terms dominate the sum; thus, the R
';“j substitution is accurate in either limit. \x“:
' The exponential factor in front of the K’ summation in the second S
-~ term of eq. A-15-25 is small when absorption is in steady-state, so that
&8
’} this second term is significant only when the first term in eq. A-15-6 is
i also small, i.e. when <A 9‘> S 4. The small K" terms daminate in
e
7 this case. We therefore set < R, > 0.
*4 In the Kk’ summation in the gecond term of eq. A-15-25, we again use
: .:?_j, the approximations in egs. A-10-9 and A-15-24
L
b k-1 X-1 ’ . 2
2% ~2(k-1)(i<t> + <A™ >)
% 2 <e>E <> (1-e )
by k=g K K7z 4
& (i<e>+<Aag*>)
e . -2(k-1)(i<e>+< Ag
)3 - e
» = (k-1)<¢> - 3 <g¢>
2(i<t> +<Ag">)
- ol
.:i - 1 ._:::'-
o = | (x-1) - oo |°% 2
8% : + L.
2(i<e> ? (A-15-26) o
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With these substitutions eg. A-~15-25 becames

2G-073 -2(1-1)< Aqg*>
e - e

is+<ae*>

W, = 2<8¢"><¢>

irep

i<t>+<Ae*>

2i(3-1)% <e>

-<¢> e e
(A-15-27)

¥When this is oombined with eq. A-15-6, eq. IV-2-2 is obtained.
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’ We now calculate the diffusely scattered radiation.

) The total fractional power in the diffuse beam is the near field
4 reflectivity (eg. II-5-36) less the specular reflectivity (magnitude

squared of eq. IV-2-2).

:j To calculate the angular distribution of the scattered radiation, it

> is easiest to calculate the angular distribution of the total radiated
field, and then subtract the specular component.

- Taking eq. II-5-5, multiplying by the flat-field propagator, and then
:ﬁ multiplying by the conjugate at the primed coordinates,

¢

[,

3 o . HZ(ag - nq )
::‘l lel.("y) 9.“('07)3 et - .

-

‘.

. x
-4u” -2i(Dg (x,y)-Dels'y)) 23 (e, xy)- g (y)

;’ = g e K “ e xag K x
&

1\

i .

| 2> (Ae (x,y)=- 8¢, ' y))

. ® x'=4 x’ K

i -(or-p)ql(x,y)e

g

X . .o

. 2> (Ae (xy) - Do (x,y))
M ~(-iv%p Jo (myre xsd “ y

N

N X .,

~ 23 (Bg (r,y)- Bg ('yN)

‘ = liveplg e aiyre *st ¥ ¥
- ¢ P Q‘ :’ Q. ',

3
¥ x
3' ir®s oty ot 23 (be (x,y)- A?x’(‘l:y’,)
] “({=ir « 'y e w'zi K

¥ Ple, (syexiy)
ks (A-15-28)
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. f‘- < flt
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The expectation value of the first term on the right is straightforward to
evaluate, ToO evaluate the second pair of terms, we define

PR ARG

T aw - wm

-1
22 (D¢ (v,y)- Do ,(*',7'))
u g < (x.y) “ll l,e n'ss x’ k
3 Q. ly e. 'Y

1)

‘3':

DA PRINTEES

X
2> (Ae (%) - AQ"(X,,Y’))
Vilayin,y) ® <guyre xut F >

BIOSAARS

(A-15-29)

: Using .
: g . 22 (Bgq ry)- Be ,txy")
j V. (x,y;x',y')= <9K (x,y)€& K= ® X >

= Vx'( (x-x* ¢ (p-yi*) = V..l",r'i x,y)

2¥.fa

.3
-2i3 (Mg, (xiy)- Ag (7))
<?:lx'. yhe wm o« k >

A At Y e

4

¥

x
, . ¢z;Z(Aq’(x.y)- Aq'(,',,'))
. = < 0 ™ ,’)e k'st X x
K ,

(A-15-30)

2 we have

K
. 23 (Ag (y) - B9 (x,/?)
<(:vop) Q. (.”y',e K'ss K .

L3
ziZ {A?’(x,y) - b&¢ '(,"y,)
+ <(-ir"e p') ¢ (xy)e =t * x
[ 4

.
.

» l. '.

-

= 2Re [(' ir’ - p.) v, (x,yi x',y')] (A-15-31) *
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The final, least gensitive terms in eq. A-15-28 remain to be
G evaluated. If we make the approximation

A ch(AQ o) =~ Aq = y")
P <g (u,y7Q (x,yhre ¥t

(A ()= Ag (¥, y)
<? ("7)?(!y)><e l-t ? 4 9 7)>

n

(A-15-32)

then the result will be correct at < qu> => 0 and will not cause
o aifficulties at large A" >, where the term is small. Even in the
A intermediate region the error should be small at soft x-ray wavelengths.
Then assuming the Gaussian bivariate distribution of egs. Iv-2-3,4,
eq. A-15-28 becames

ﬂ ~4u . &
X2 U = e U‘-ZRe((—ir-p )V;)

-4(ke8) < B > (1-C(v) 2 .
! -2e ' Re (inp)l(e)‘ <Q>

(A-15-33)
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3,
;
) To evaluate this we must £find an approximate solution for ‘Vu . T0
x
3{: do 80 we neglect the last, least sensitive term in eg. II-5-5, and
2 multiply both sides by the product of the flat-field propagator at K + 1
& with the conjugate propagator at the primed coordinates.
‘- We cbtain
‘.r
'.3
"..
~*!
k.. -4
- -2i<t> 2i2 (D@ (v.y) - A¢ (x)y") 2i(De (xy)-ABe ('y)) -2i8¢ (x
pr A X T e s & w ! )e ( Yot Y )e 1o
a5
& ¥
B 2i Ag (x,y) - Ay (x'y)
_ ~(ir-ple wvar v L )
-
2 (A-15-34)
Yo
§~, To evaluate the expectation of the first term, we use eq. II-5-6, 8O

that

[ 22
2i3 (Be,ty) - B (xly))
<?.(“07’e kad . . >

AR A A

a

2i(Be s,y - Bg (X,y))
[ [ ]

1 - < z.'.,i: (Ag oy - AQ‘,MY") <e

‘;; e luyre ¥ <ez§(AQ.u,y)-AQ‘(-',7')) >
= \

i

' e <ae*> (3-C(v) (A-15-35)
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It is straightforward to evaluate the expectation value of the second term
in eq. A-15-34. The equation now becomes a linear difference equation,

2
whoge formal solution, neglecting terms of order A , and ¢-Ais

“K(i<t> +3<De> -2 < A0>)
Y = -(ir-pe f ?

x (K-1)sinch [(K-.l)(i<t> - <Aq,’> +2C(v) <A9‘>J

(A-15-36)

(where the sinch-function is defined in eq. IV-2-8).
To partially compensate for our neglect of the final term in
eq. II-5-5, we re-normalize

2sinch [(K-.l)(3<t> - <Aq"> + 2C(v) <A9‘>)]

2
(1-2 —22 2 __ (1-cw))
i<e>+<ag’>

V:‘ = <e¢>

-k(i<e> +3<a9*>-2C(v<ag*>)
% e

(A-15-37)
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This is exact in the limits <A¢'> K « , <A¢™> D u , and
Ix-x'l => 0, kK D u™t,
U“ is now the sum of five gecmetric series (including two conjugate

pairs).
The solution is

2k (. <A9z>)

U = -4Re{ <> (K-i)(-ir'¢p.)

<ag*> (1-C(v))
i<t>+<ae’>

1-2

2kcm < Ag™>
x[e 7 sinch [z(x-n(u”- <hg> (1-cm))]

-K(u"si<t™>) , 2
-e sinch[(l(-l)(u -1<t’>-<Ag >)]

o 2 -2k(u"s<AQ"> (1-C (»))
~2(k-1Re{lirep) <> t<p>| e

& sinch [Z(K-l)(u'- <Aqa>(1-C (v)))]

(A-15-33)
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BEg. A-15~38 includes the specular beam as well as the diffuse beam.

% Since the approximations made in eq. IV-2-2 are slightly different from
A
-5 those made in eg. A-15-38, the best way to subtract out the specular
‘ camponent is to evaluate eq. A-15-38 as v =P os, and subtract the result
_,E from the finite-v equation. This results in eq. IV-2-7.
.-1;3 Note that in eq. IV-2-6 we have defined the quantity § (x,y) ¢
J
:‘ be given by eg. IV-2-6 for roughening films, and to be given by
< "()' (x,y) for smoothening films, in order to unify our treatment of
2 k4
2 the two cases.
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Zs We now evaluate the specular reflectivity in the presence of columnar v
7N RS
}: films. We treat the near-field beam as being reflected from a periodic NN
b multilayer whose Bugg detuning parameter ? is a random variable; as

g usual we assume a Gaussian distribution

1 tt

. ‘/ 2 2

1 “@-9) /22" <AK™>

e Ple) = : = e

] x lz» <ak*>

({A-15-39)

where A K(x,y) is the local variation in growth rate, i.e.

d(x,y) = <da>(1+AK(X,Y).

e

A8 in the case of roughening films, a flat-field propagator must be

x
3} Xl
R

used, but now A ¢ (x,y) is independent of K. We therefore must evaluate

P S

el

S A
|

2i(r-1)g- 9‘) 2i(3-1)(q-q))
<e > =< > = |dePlele Qx(q)

Ry Rar fiald wNear fiald

- "‘_ mﬁo E
I T
]

3
3

(A-15-40)
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‘ We will use the approximate expression for the reflectivity obtained
by ocambining egs. II-3-1 and 2,

N r “2i(J-1)(g-u)
( -e ) (A-15-41)
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Pram the first term of eq. A-15-41, we must evaluate

3 -te- ¢/ 20" <AK'> e e

I, = |dee

Q-Al-

2N

F2 N,

-v/20-10" <ak?>
e -2ni ¥
= - |dY (7-1)<¢> e
Y-

n‘.

(A-15-42)
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As the Fourier transform of a product, I, is the convolution of two
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transforms.
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o5 We find through straightforward manipulations that

- <t>z/;,;"'<AK"> -2i <> (F-1)

- .
a8 I‘ xie e

) 2 a i<t>
x11- !(" ix <AK > (T-1) + ry )
o !;n‘<AK >

™ (A-15-43)

where § (w) is the complex error function as defined in the text.
o The second term of eg. A-15-41 leads to a similar expression.
The sum of both terms is

iy <Y axtcakt>  -2i<ed> (3-0)
<¢> = -{-e e

A
»

R

!( i<t> )
4
ng‘<Ax‘>

ey
)
et

- i<t> - 1 2

R (A-15-43)
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In order to improve the accuracy we re-normalize to the exact
. Iv-2-16 is then cbtained.

defect-free solution of eq. I1-2-11,

g Lk

L n?
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A Appendix 16 - Materials Cambinations that Maximize Integrated
Reflectivity

In this appendix we describe the results of a modification to the
materials search program of sec. II-2-C; the modified program seeks to
maximize integrated reflectivity (or collection solid angle) rather than
peak reflectivity. The ocutput routines in the search program have also

been modified, in order to have printed out a number of possible materials
pairs at each wavelength. To this end, the program prints several
different lists of materials for each wavelength; fig. A-16-1 shows the

e

fatrif
74 .0.1_:"& '

detailed criteria on which the different lists are based.
An abbreviated tabulation of the materials selections (31
wavelengths) is given in table A-16-1, A fuller listing (125 wavelengths)

is available upon request from the author. (Present address: IBM; Thamas

J. Watson Research Center; P.O. Box 218; Yorktown Heights, NY 10598.)

3 NP3

1)

5
anh oy

The sorting parameter used by the program is the entry in
table A-16-1 labeled "SOLID ANGLE", v .. more precisely is the quantity

i 8T Rpee $" - This estimate of the collection wlid angle (in

| , ' steradians) applies to a multilayer-coated spherical reflector focussing
b2 collimated radiation. The multilayer reflection profile is assumed to be
f a lorentzian function of phase thickness as in eq. II-3-1, except that to
.é improve the accuracy we have set the FWHM equal to 28" rather ﬂmn2/4".
.5 In addition, we assume that the coating's angle ot peak reflectivity

e is sufficiently detuned from normal incidence that both sides of the
reflection curve are realized at angles within 90° from the surface, and
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A-16-3

yet sufficiently close to normal incidence that polarization and obliquity
effects can be neglected throughout the angular bandpass.

Because of the large acceptance angles that multilayers have at
longer x-ray wavelengths, these approximations tend to hold only roughly.
We have found by rumerical integration that the "trigonometric efficiency
factor", defined to be the resultant loss factor from all the above
effects, is about 0.5 for the longer wavelengths in the table (assuming
that the angle of peak reflectivity has also been numerically optimized).

For camparison's sake, the normal incidence factor of 8T is used by
the search program at short wavelengths where normal incidence operation
is impractical. The sorting parameter can also be regarded as an
approximate index for the one-dimensional integral of reflectivity over
angle (to within a different normalization constant).

The search program has excluded frai consideration the same chemical
elements as were excluded by the earlier program (sec. 1I-2-C). As
before, structural defects were not considered. The optical constants
used in the search are those of Henke et al. (1982).

We are indebted to E. Spiller (1982a) for useful discussion of these
topics.
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A~16-4
o
R v
A
N
I
5 MINIMNUM T ALLOWED I8 S
~ WAVE- SOLID
S LENGTH ANGLE 1 " GANMA ELEMENT ~ B RLEMENT - L
5 ( AT ) ( pm )
¥ ( WORMAL )} ¢ )
; (STERAD. ) (INCIDENXCE) (DB + DL)
. 115.33  1.2459109 .7841 15.8 .4599 RHODIUM
& PRS2 ASRERASEERGRRERONCARAORNERENRNACARENANRREESERGRRANAdttdddeatdtededdtde
o 115.33  1.2439364 . 7754 15.7 4551 RUTHENIUM STRONTIUM
115.33 1.1312389 .6827 15.2 .4896 RUTEENIUM CALCIUM
115.33 1.1233836 .6921 15.5 .4923 RHODIUM CALCIUM
™ SRS RRAEARRRRANAANRCORASAEERNNCENRCARNANERAOERRERRCARANANGRGANCEANNONAORE
115.33 1.1312389 .6827 15.2 4896 RUTHENIUM CALCIUM
115.33 .0663727 .3809 11.0 .4601 SILVER PRASEODYMIUM
115.33  .5302324 .2821 13.4 4517 SILICON MOLYBDENUM
. 115.33 .4617827 «2736 14.9 .4302 GOLD YTTRIUM
s.; 115.33  .3461327 +2059 15.0 .43%4 PLATINUM TUM
i SN0 ARRRRGRRR AR R RS R RO Rd RO RdRRatRaRRd Al ttdaddedatdtdndttddttndtdRdndbee
A 115.33 1.1312389 6827 15.2 .4896 RUTHENIUM CALCIUM
) 115.33 1.0579488 5781 13.7 .4860 PRASEODYMIUM RUTHENIUM
d 115.33 1.0429040 .5871 14.1 .4822 PRASEODYMIUM RBODIUM
! 115.33  .0960732 .6607 18.% .4824 RUTHENIUM BORON
¥ 115,33  .9663727 .3809 11.0 .4601 SILVER PRASEODYMIUM
115.33  .7646700 +2509 6.2 .4948 SILICON SILVER
J 115.33  .7350939 .3950 13.5 L4462 SILVER YTTRIUM
',. ..t.tt..t.t.i't.t.tt"'t.t.tt"t't.t..t'...‘ttt.'.Q.Qttttt.t.'t.tt."t..tt'..
2 115.33  .7208903 .5628 19.6 .4948 RUTRENIUM CARBON
) 115.33  .7078087 .5708 20.3 .4982 RHODIUM CARBON
e 115.33 .5910508 .3675 15.6 .4402 SILVER CARBON
> & 115.33  .3608713 <2454 171 .4251 GQOLD CARBON
: 115.33 .2839764 <3264 26.9 4747 MOLYBDENUM  CARBON
115.33  .2650908 .2015 19.1 .4209 PLATINUM CARBON
-§ 104.71  .9434196 .7319 19.5 .4576 RUTHENIUM STRONTIUM
N '0'...0'0.'0'...0.'...0...000.0""'!.'...'00.'..Qt.t.'0'.."'.0"'.0'...!0"
1 104.71  .9338507 .6877 18.5 .4390 SILVER STRONTIUM
104.71 .8971526 .7265 20.4 4594 RHODIUM STRONTIUM
* 104.71  .8439550 .6004 17.9 4654 SILVER CALCIUM
.'.t...t00...'.....tt'.'tt..i.'Qitt.t.'.t....t"tt..l.'...t"titt.ttt.t'..".
104.71  .8439550 .6004 17.9 4654 SILVER CALCIUM
X 104.71  .7416199 3943 13.4 .4383 PRASEODYMIUM RHODIUM
W 104.71  .4053143 «23591 13.4 .4714  GOLD SAMARIUM
104.11 .uoom .3218 18.6 4703 CERIUM MOLYBDENUM
.Y 104.71  .3467%¢& «2552 18.5 .4630 CADMIUM MEODYMIUM
;{ '.Qt'....'tt'.'t'.'..00'..0".'..0'0'0.0'..0'QQOQCt.'Qt.'.0..".0'....0...00'
P 104.71  .8439550 .6004 17.9 .4654 SILVER CALCIUM
104.71  .8204040 3630 11.1 4540 PRASEODYMIUM SILVER
104.71  .7782769 .4000 12.9 .4398 PRASEODYMIUM RUTHENIUM
i3 104.71  .7765209 .4812 15.6 .4970 SILVER NEODYMIUM
O 104.71  .7416199% .3943 13.4 .4383 PRASEODYMIUM RBODIUM
i 104.71  .71085995 .5220 18.3 4789 SILVER YTTRIUM
104.71 .7059370 .4606 16.4 .4972 SILVER ZUROPIUM
o .."..0.0....'QOQ.'...Q......'.'.'.'.'t..0'..".'......'..0.".t..i..tt.....'
¥ 104.71  .%607162 . 4966 22.3 .4707 SILVER CARBON
o 104.73  .5234738 .5317 25.% .4861 RUTHEN1UM CARBON
= 104.71  .4758541 .5156 27.2 .4872 RRODIUM CARBON
104.71  .2997579 <2588 21.7 .4247 PRASEODYMIUM CARBON
() 104.71  .2914030 .27%7 23.0 .4311 GOLD CARBON
¢ 104.71  .221815¢ 3265 37.0 4711 MOLYBDENUM CARBON
Co

L e
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A-16-5

MINIMUM 2 ALLOWED I8 S
GAMMA ELEMENT - B ELBENT - L

( AT ) ( DB )
( WORMAL } (==m=—=)

WAVE- SOLID
LENGTH ANGLE R ]

{STERAD.) (INCIDENCE) (DE + DL)

95.06 .8466226 .4864 14.4 -4456 SAMARIUM SILVER
PRS0 e a0t IRt e R Nttt ettt eRateeteetReitettttttiteesetestdtintaseentetnse
95.06 .0456917 4641 13.8 .4537 SAMARIUM RUTEENIUM

95.06 .7871425 .4402 14.1 .4570 SAMARIUM REODIUM
95.06 .7545046 7125 23.7 .4692 SILVER
BEOER 0NN RNttt ARttt ttttetttattietttttittttentttstettestetsnesees
95.06 .7307504 .6885 23,7 .4602 RUTHENIUM STRONTIUM
95.06 .5623446 «4599 20.6 4866 EUROPIUM RBODIDM
95.06 .3647199 4772 32,9 4699 MOLYBDENUM CALCIUM
95.06 .3146625 +1504 12.0 «4031 PRASEODYMIUM ANTIMONY
95.06 .2876247 «2951 25.8 4473 GOLD YTTRIUM
T Y e S T Y oI T T T T Ty rervanes
95.06 .8456917 4641 13.8 -4537 SAMARIUM RUTHENIUM
95.06 .7871425 «4402 14.1 .4570 SAMARIUM RBODIUM
95.06 .7545046 «7125 23.7 <4692 SILVER STRONTIUM
95.06 .6375146 «3864 15.2 «4586 SAMARIUM MOLYBDENUM
95.06  .6349187 6336 25.1 4866 SILVER CALCIUM
95.06 .6252152 <3365 13.5 4724 SAMARIUM CADMIUM
95.06 .6237275 -3904 15.7 .4561 SAMARIUM ANTIMONY
L e T L T Y T L L L L T T rrT T T L Y rrares
95.06 .4021658 3779 23.6 -4297 SAMARIUM CARBON
95.06 .3992016 .5323 33.5 <4856 SILVER CARBON
95.06 .3906010 -5066 32.6 4775 RUTHENIUM CARBON
95.06  .3245550 -4590 35.5 4737 RBODIUM CARBON
95.06 .3065492 .1733 14.2 «3970 PRASEODYMIUM CARBON
95.06 .2015884 -2717 3.9 .4323 GOLD CARBON

86.31 .5584039 .6025 27.1 .4789 UM STRONTIUM
T Y T T T ey
86.31  .4913518 +5906 30.2 .4830 SILVER STRONTIDM
86.31 .4741100 .5478 29.0 «4697 RHODIUM STRONTIUM
86.31  .4638554 .5720 1.0 .4752 RUTHENIUM CALCIUM
T e L e T T S T e
86.31 .3970463 «5540 35.1 4792 SILVER CALCIUM
86.31 .3708609 3815 25.9 «4951 TERBIUM RBODIUM
86.31  .30103192 +2240 18.7 4242 GADOLINIUM CADMIUM
86.31 .26798%53 +1699 15.9 «3979 SAMARIUM ANTIMONY

ARy
3 & Aty
<y :’(’. "¢ “r

%

86.31  .2262272 . 38.6 S  MOLYBOENOM  YTTRIUM
i ..Q.t.i.t.tt.Ql".tt000000......0..0.'0..0'0.IQQ....."Q'."Q'.O.QQQ..Q."...
A 86.31  .463853%4 .5720 3.0 .4752  RUTHENIUM CALCIUM
i 86.31  .438489) 4366 25.0 4874  TERBIUM RUTHENIUM
- 86.31  .3975163 .6084 38.5 4476 RUTHENIUM BORON
86.31 .3960339 .4698 29.8 .4933  RUTHENIUM YTTRIUM
N 86.31 .3746507 .4191 28.1 .4817  TERBIUM SILVER
. 06.31 .3708609 .3815 25.9 .4951  TERBIUM REODIUM
N 06.31  .3010392 .2240 18.7 .4242  GADOLINIUM  CADMIUM
[ 0909404048400 4004R0 ARG ASRRRRRRRRRRRRARRRRARGR RS AR R R RRRAR R ROttt oRtaeRtdns
h 86.31  .2950095 .4851 41.3 L4695  RUTHENIUM CARBON
& 86.31 .2606343 .1768 17.0 .3967 BAMARIUM CARBON
34 $6.31 .2302056 4476 €89 14722 SILVER CARBON
- 86.31  .2299501 .4129 45.1 4594 RRODIUM CARBON
86.31 .2047679 .2200 27.0 .4084 GADOLINIUM  CARBON
o 86.31 .1786223 .1996 28.1 .4052  NWICKEL CARBON
x \' !
b
et TABLE A-16-1
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o
&t
NININOM 3 ALLOWED 13 5 o
mve- SOLID
LENGTR ANGLE R » GAA mBpaNr-2 mame -
gL 4
e Y
(STERAD. ) (INCIDENCE) (Dm + D)
78.36  .399%000 +5007 .s 4878 104 oM
Q...Q'Q..QQ.Qt'.Q"..QQ..'t.'.....t'..'.'..'....it...t‘...Ql'.’...‘..t..l.t..
78.36  .3494729 5309 3.8 -4681  RUTHENIOM CALCIUM
79.36  .3447553 +4533 33,0 .480%  REODION STRONTIIN
78.36  .3220714 6048 4. 4372 BORON
00.0.0.0..‘.'.....'.'.".'.....O.Q.Q."....Q........0t".'.'...'..'.....t....
78.36  .2957230 -4973 4.4 4613  RmODIUN CALCIOM
70.36  .22%462» 5234 $7.8 4309  s1LvER BOROW
78.36  .1915807 .1710 2.7 4240  nIcxer
78.36  .1791368 1543 2.9 -4090  DYSPROSIUM  CADMIUM
78.36  ,1590237 10 BOLINIOM
.QQ.Q‘QI...0.0".....'..'..t'.....0.00'.0.'..0.'...'.t...Q..Qt.'....t'....."
78.36  .3494729 5389 3.8 4681  RUTHENIOM CALCTON
78.36  .322074 6048 7.1 -4372  RUTHENIOM BORON
78.36  .2883189 3940 .3 35004  RUTHENIOM YTTRION
70.36  .2561682 .2968 291 4663  BOLINIOM RUTHENIOM
78.36  .2249688 4662 $2.1 4595  RUTHENTOM CARBON
78.36  .2191406 +2561 9.4 4713 BOLINTUIM RREODIUM
78,36 3 .4 TUM
...tt...i.ﬁ.'.l......‘.".Qt......'....’.'...Q......Q..QQ....QO...'.Qt....'..
78.36  .2249688 +4662 52,1 .4595  RUTHENIOM CARBON
78.36  .1806071 4047 $6.3 .4530  AEODIONM CARBON
70.36 1640493 .2222 33.9 4065  wIcKEL CARBON
78.36  .1612661 1817 28.3 3983  DYSPROSIOM  CARBON
78.36  .1584130 .2300 36.5 .4088  CoBALT CARBON
70.36  .15¢6668 2019 32.8 .4029  corrzr CARBON
71.14  .2887339 6258 S4.8 .4200  RUTHENTOM BORON
...'.l.t......Q'Q.....'.Q.'Q'Q.'Q'.Q.'.QQ..Q.l’...o'."ﬂtt.QQ'.O....Q.'..'..Q
71.14  .2021487 4147 36.9 4971  RUTHENIUM STRONTIUM
71.14  ,2678040 5160 4.4 -4621  RUTHENIUM CALCIUN
71.14  .2470178 .5791 ] 250  mamoDy
.t..'.‘.t...'...'...'0...0.'..0..0....'.....'.'0....0..Q".O.'.Oll't.'....'.'
71.14  .2420276 .3707 3.5 <4921  mmoOIOM STRONTIOM
71.16  .1919490 2727 3.9 .4099  wicxe: CALCIUM
71.16  .1483108 1602 7.1 +6413 T YTTRIUN
71.14  .1403083 +2234 40.0 4034  coprmx CARBON
7 .1230798 .1 THULIUM
Q..Q.Q..Q'..0.....0.00'.".0040000.'..'..'............'0..0.0'0‘."....0....'
ik EEE O @ o mmm rmoem
- 71.16 .26 . . .4
A 716 197951 4106 823 4769 STRONTIN pLANTHUNIM
Y 71.14  .1964099 2186 40.4 «4909 ' YTTRION RUTHENIUM
) 71.14  .1793601 «3351 4.9 4984  STRONTIUM MOLYBORNUN
) 71.04  .1753206 4872 6.5 4500  RUTHENIOM CARBOW
'y 70.14 1668662 424 63.9 . 4587
ru QC'QO.'..'......'.Q.'.'..'..Q.O'.Q.....Q.OQ.O'.‘.....l'...'.'.'..t'.'.".....
7114 1753296 4572 5.5 4500  RUTHENIOM CARBON
71.14  ,.15)67ss <2494 4.3 4052  wICKEL CARBON
71.16  .1460048 2591 4.6 .407¢  copALT CARBOR
o 71.14  .1403870 .3979 7.2 .4450  RMODIUM CARBON
> 7.4 .1403083 .2234 40.0 .403¢  COPFER CARBON
. 71.16  .12362%0 .2565 2.2 4116  IRON CARBON

TABLE A-16-1
(CONTINUED)
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A-16~7
MININM T ALLOWED 38 5
WAVE-~ 80LID
LENGTH NGLE R » G ELBMENT - B pupaNT - L
( wowor ) (22 )
e e
(STERAD, ) (INCIDENCE) (Dm + bL)
64.59 2047819 .4929 60.5 4565 RUTHENTUM CAICIUM
.tao.aa..nonooa100.-onnoatontoottQo..toottootno.o.ao...n.nn.tn.tt.co'onntt.o
64.5%  _186353¢ 3231 43.¢6 -4909 STRONTIUM RUTEENIUM
64.59 1727932 «2942 42.8 .4100 WICKEL CALCIUM
64.59 1706688 .3087 45, 4129 TUM
".i‘i.itt'..iOt'......0!00.0.00000..Q..0!.t.t..'0.QQQQOQQQQQQOQOQQOQOQQCOQ.t
64.59 1380743 <1794 2e. -4420 NICKREL STRONTIUN
64.59 1339003 .2891 S4.3 +4062 CORALT CARBON
64.59 1286219 2407 47.0 <4045 COPPER BARIUNM
64.59 1240253 1727 35.0 4577 RBODIUM
64.59 1077671 481 4 4615 IRON
.ot..0...cnaott'ttot.to-tQt-tto.ttt...aa0t.oooaott.Qo..ootc.ot.ot..to..t.tt'-
64.59 1863534 »3231 43.6 <4909 STRONTIUM RUTHENIUM
64.59 1580743 <1794 28.5 - 4420 WICKEL STRONTIUNM
€4.59 (1494373 +2650 44.6 -5000 STRONTIUM RBODIUM
64.59 1391260 <2779 50.2 +4040 NICKEL CARBON
64.59  ,138885) «2685 48.¢ -4065 NICKEL BARIUM
64.59 .1373621 5446 99.6 4971 CALCTUM LANTHUNUM
64.59 1278816 n oM
.'.t'l't..t.t'...'..'i....'.t...'.....0"0'!QQ'Q.O.Q.O.'...Q.O..tt..ttt.t..l!
64.59 1391260 «2779 50.2 -4040 NICKEL CARBON
64.59 1370018 +4485 82.3 -4415 RUTHENIUM CARBON
64.%59  ,1339003 «2891 5¢.3 «4062 COBALY CARBON
64.59  .1290764¢ «2493 48.5 -4022 COPPER CARBON
64.59  11352)3 «2876 63.7 -4102 IRON CARBON
64.59  ,103897¢ .3131 75.7 -4184 CHROMIUM CARBON
58.64 ,1566105 +3209 51,5 .4102 CALCIUM
“it..'.'..t"..Q.tl."...i.tt.t'ttt.i‘."i'..QQ...00..'.'lttt'l..t"."'.t.‘
S8.64  .1549364 -4685 76.0 -4503 RUTHENIUM CALCIUM
58.64 .153912¢ <3355 S4.0 -4132 COBALT CALCIUM
58.64 1471639 2953 0.4 408 COPP] m
.'t..I.'Qt.’t't'...tttt‘......t'.tl.'t.'0'..Q.OQ.0.Q.'.0'..'00'.."..0.0.'..0
50.64 1242917 3101 62.9 -4091 COBALT BARIUM
58.64 .1220815 «2086 $9.0 -4014¢ COPPER CARBON
58.64 ,1188572 .2508 53.0 . 4860 STRONTIUM RUTHENIUM
58.64 .0898366 «2118 59.3 «4322 IRON SCANDIUM
$8.64 0030368 «18 45,7 -4921 YTTRIUM
.n.o..otgt-tatoott'o.a'nototooaootoon..oottt.o-.-.t.o...ooot.....oo.e.on.to
S0.64 .1291390 2989 58.2 +4066 NICKREL BARIUM
S8.64 1290288 .3132 61.0 -4029 NICREL CARBON
S8.64 .1268476 <1655 32.0 .4518 NICKEL STRONTIUM
S8.64 .1188572 .2508 53,0 - 4860 STRONTIUM RUTHENIUM
58.64 .1139894 «2170 47.0 - 4226 NICKEL SCANDIUM
S8.¢4 .1071207 .1388 32.6 4562 NICKEL YTTRIUM
S8.64 .100522) ? 4943 IUm
.oo.aaoa"ooo.toQtt.o.nott'otc.ao.n.o.o...-ntntt.tntnQootoatn.no..a.naoaoott
$S8.64 1290288 «3132 61.0 .4029 NICREL CARBON
58.64 1240606 -32%7 66.0 +4050 COBALT CARBON
38.6¢ 1220015 +2886 $9.0 -4014 COPPER CARBOR
S$8.64 1071790 4404 103.3 «4330 RUTHENTUM CARBON
50.44 .1055943 <3258 77.5 4088 IRON CARBON
S8.6¢ 0967142 .3530 1.7 416¢ CRROMIUM CARBON
TABLE A-16-1
(CONTINUED)
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A-16-8

MININOM 3 ALLOWED 1S S

VAVE- S0LID

LENGTY AnGLE R n GAMA mBET - B ZLomEr - L
( AT ) ( p& )

( wORMAL (=ovm——)
(STERAD, ) (INCIDENCE) (DE + DL)
$3.23  .140%989 .3492 62.3 «4103 NICKEL CAICIUM
..nnnnnnnnannqnnnnnn“nunannnnnn“nn.nnnnnon
$3.23 .1380450 «3639 66.2 «4133 COBALT CAICIUM
$3.23 .1332311 -3279 6l1.9 .4088 COPPER CAICIUM
$3.23  .1226418 «3684 75.% .41808 IRON CALCIUM
..nonn"nnnnnnnuonncnnnnnnn.nnn.nnnnnnnnnnn
$3.23 .1183214 «3656 79.7 .4039 COBALT CARBON
$3.23 .1117290 «3040 68.4 .4064 COPPER BARIUM
53.23  .0066387 «1620 47.0 .4759 IRON STRONTIUM
33.23 .0704517 -1589 50.9 4062 OSMIUM SCANDIUM
$3.23 ,0875862 .1487 $4.2 .4023 RAENIUM
nnnnnnnntn-nnnannnn“nnnonnn“nnnn.nnnnnnnn
$3.23  .1197478 «3514 73.8 .4020 WICKEL CARBON
$3.23 .1176248 <3241 69.2 .4078 NICKEL BARIOM
$3.23  .1044460 -1622 39.0 <4588 WICKEL STRONTIUM
$3.23  .1036118 «2409 S8.4 .4238 NICKEL SCANDIUM
$3.23  .0871383 «1290 37.2 4678 NICKEL YTTRIUM
$3.23  .0025304 -1534 46.7 +4458 NICKEL BISMUTH
$3.23 ,08192%0 S
nn.nnn.nnnnonnnnnnnnnnnnonnnnnnn.nn“nnnnn
$3.23 .1197478 <3514 73.8 .4020 NICKEL CARBON
$3.23 1153214 +3656 19.7 .4039 COBALT CARBON
$3.23  .1139208 «3298 72,7 .4010 COPPER CARBON
53.23 .0987587 <3671 93.4¢ .407¢ IRON CARBON
$3.23 .0914583 <2267 62.3 <3965 0SMIUM CARBON
$3.23  .0911634 -3849 106.1 4124 MANGANESE CARBON
48.33 .12730%) «3806 75.1 -410% NICKEL CALCIUM
.nnnn-nnnnnnnnnnnnnnnnnnnnnnnnnnnn.nnnnn
48.33  ,1242407 «3951 79.9 .413% COBALT CALCIUM
48.33  ,120042% «3619 75.8 <4094 COPPER CALCIUM
48.33 1152897 .4003 7.3 NICREL
.-nnnun-nnnnnnnnnnannnnnntnnnnnnnnnnnnnnn
48.33  [111342¢ <4163 9.0 .4030 COBALT CARBON
48.33 1001142 <3207 80.5 4111 COPPER BARIUM
48.33  ,0744190 <1718 $7.9 .4049 OSMIUM SCANDIM
40.33 0687448 «1582 $6.7 4843 IRON STRORTIOM
® . . 6. .4059 REENTUM
onnnnnnnnnnn“unn.““““n“n-nnnnnuunnnnnnnn
48.33 1152397 .4003 87.3 .4011 RICREL CARDOR
46.33  ,10632)9 + 3306 80.0 .4122 RICKEL BARIUM
48.3) .09%46%0 +267% 71.0 4269 NICREL SCANDIUM
40.33  ,085678% +1590 46.7 4666 WICKEL STRONTIUM
48.33  ,0720979 <1908 65.7 -4364 NICREL TELLURIUM
48.33 .0727610 +1801 62.2 .4:09 :xcm mgn:sxm
E« .nnnnn.nﬂ!anntnnnnnn}nonnnnnnnfann"nnnnnnnn
40.33  .11%52597 -4003 87.3 .4011 WICKEL CARBON
40.33 .111342¢ «-4163 9.0 .4030 COBALT CARBDON
48.33  .1000997 +3004 87.8 .4008 COPPER CARBON
48.33 .0967308 .421% 109.3 <4064 IRON CARBON
3 48.33 ,09%02%40 .4421 123.1 .4109 MANGANESE CARBON
) 48.33 .090124¢ - 4562 127.2 .4131 CHROMI UM CARBON
TABLE A-16-1

(CONTINUED)
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A-16-9

HINIMUN 3 ALLOWED IS S
VAVE- SOLID
NGLE R " GAMNA ELBGNT - B  EmLBaeT - L

(STERAD. ) (INCIDENCE) (pg + DL)
43,98 .1546158 5227 85.0 4004 RICKEL
'........'..'.............." ...'......"'............'...'............'..'..
43.88 .1%532514 -5453 9.4 «4022 COBALT CARBON
43.88 .1461565 5047 86.08 -4000 COPPER CARBON
43.88 1420371 +3659 99.6 4054 IRON
.........'.".........'..............'.'.........".‘.."...'..........'.‘.'.
43.88 .1120585 .4282 96.0 -4139 COBALT CALCIUM
43.08 0867746 <3184 92.2 <4198 COPPER BARIUM
43.88 0728119 -1872 64.6 4049 REENIUM SCANDIIM
43.88 ,0595973 -1369 57.7 4111 OSMIUM MAGNESTUM
43.88 0525507 «1461 69.9 .4923 IRON
.....‘...............'.........................'.....'.'.........."...'..".
43.88 1151511 -4139 90.3 -4107 NICKEL CALCIUM
43.98  ,093627) +3366 90.3 «4207 MICKEL BARIUM
43.88 .0066149 «2971 86.2 4291 WICKEL SCANDIUM
43.08 0682795 <1544 56.9 4727 NICKEL STRONTIUM
43.88  .0666384 «2067 78.0 -4412 WICKEL MAGNESIUM
43.88 0642230 -1998 78.2 4420 RICKEL TELLURIOM
43.88 .0576654 <1896 394 NICKEL
..."......‘....."..................Q..........'.‘...'........"‘..'...'C...
43.88  .1532514 «5453 89.4 .4022 COBALT CARBON
43.88 .1461%65 <5047 86.8 .4000 COPPER CARBON
43.88 ,1428371 5659 99.6 4054 IRON CARBON
43.08  .1417442 <6136 108.8 .4116 CHROMIUM CARBON
43.08  .1404203 .5968 106.8 .409% NANGANESE CARBON
43.88 ,1169952 .6162 132,.4 4193 VARADIUM CARBON
39.04 .1057866 .4523 107.5 4111 NICKEL CALCIUM
.’.....'..."...'..'.......'...."...'...."..................'..'.'..'.'....
39.84  .1026874 +4663 114.1 .4143 COBALT CALCIUM
39.84 .0978577 <4306 110.6 .4104 COPPER CALCIUM
39.84 .0911169 4702 129.7 +4199 IRON
.'......."..'.....".‘....'............'..'...'....'.'.‘.'......'.".'....'.
39.04 .076798) <3378 110.5 .435%3 COBALT BARIUM
39.84 ,0730672 .3122 107.4 -4200 COPPER SCANDIUM
39.84 .0570910 «1503 8.7 -4086 REENIUM MAGNESIUM
39.84 .0543789 «1430 66.1 .4111 OSMIUM TELLURIUM
39.84 .0509411 .1424 70.3 4045 IRIDIUM TITANIUM
...'.'.......".."....'...'....'............‘............'............'.....
39.84 .0811220 <3330 103.2 .4302 WICKEL BARIUM
39.84 .0801323 <3335 104.6 <4292 RICKEL SCANDIUM
39.84 .0607383 «2359 97.6 4413 NICKEL MAGNESTUM
39.84 .0573%91 -2181 9.3 4466 WICKEL TELLURIUM
39.84 .0570527 «1620 7.3 4758 NICKEL STRONTIUM
39.84  .05430%% «1582 71.6 .4082 RHEENIUM TITANIUM
....Qtt..Q'.Q!!ﬁ."tttt.i.'....O'Q.Q.Q.t.ttl..t..0...'Q.E!O.Q.t..'ot.'tt't't
39.04 .04363%0 «1190 68.5 .4802 WICKEL CARBON
39.84 .0399549 <1178 74.1 <4960 COBALT CARBON
39.84 .0390927 .0729 46.9 «440% RHENIUM CARBON
39.84 .0397609 -1063 6.9 .4861 COPPER CARBON
39.84 .0380343 0709 4.0 4400 OBMIUM CARBON
39.84 .0343292 .0628 4.0 4369 IRIDIUM CARBON

TABLE A-16-1
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A-16-10
MINIMOM T ALLOWED 18 S
avE- SOLID
LENGTE ANGLE R " GAMMA ELEMENT - B ELBMENT - L
( AT ) ( oA )
( WORMAL ) (=mwmaee
(STERAD.) (INCIDENCE) (DB + DL)
36.17 .1079293 L5142 119.7 .4117  NICKEL CALCIUM
TN CREERR0GRRRE AR RRARRARRGORRRGCRORRCORERRRRRRRARR RN et et deRaRaadReatend
36.17  .1052996 .5291  126.3 .4149  COBALT CALCIUM
36,17  .0992654 4894  123.9 .4107  COPPER CALCIUM
36.17 .0954722 .$373 141.4 .4205 RON CALCIUM
L I e I T R I N L T P s Y e e r e r e L e I Il g
36.17  .0711410 23796 134.1 .4346  COBALT SCANDIOM
36.17  .0622236 L3003 12¢.5 .4352  COPPER BARTUM
36.17 .0540300 .1780 02.8 L4082  RHENIUM MAGNESIUM
36.17 .0508651 1696 03.8 L4065  OSMIUM TITANIUM
.0478648 1425 74.8 4101  IRIDIOM TELLURIUM
............l....t...‘.....'....’........'.'".....'Q.t'."........"tt'...'.
36.17  .0752697 L3749 125.2 L4296  NICKEL SCANDIUM
36.17 .0695033 .3331 1204 L4388  WICKEL BARTUM
36.17  .0551092 J2684  122.4 L4426  WICKEL MAGNESIOM
36.17  .0513606 L1736 85.0 .4073  REENIUM TITANIUM
36.17 .0512625 L2316 113.8 L4514  NICREL TELLURIUM
36.17 .0479842 .1708 89.4 .4792  NICKEL STRONTIUM
36.17  .0478914 .1461 6.7 .4129  REENIUM ANTIMONY

OO.."..'.‘.Q..Q'."Q.'...Q...CQ..'.'Q..Qt."....t'ti..'t...'.'.......'.'ﬁ..t

36.17  .0357930 0844 $9.3 .4354  RHENIUM CARBON
36.17  .0353166 .0823 58.% .4339  OBMIUM CARBON
36.17  .0337626 1239 92,2 .4855  NICKEL CARBON
36.17  .0334559 .0767 57.6 .4316  IRIDIUM CARBON
36.17  .0299301 .1195  100.3 .4932  COBALT CARBON
36.17  .0291180 .1077 93.0 .4829  COPPER CARBON
32.84  .076035% 4343 143.6 L4301  WICKEL
CANDREERAEERRRAERROROREERGRR QAR RRRRRRRARAdRRC P RRRRRCRRRE RNt RetaRetaReitene
32.8¢  .0723791 .4406  153.0 .4351  COBALT SCANDIUM
32.04 .0683620 .4050  148.9 .4280  COPPER SCANDIUM
32.84  .0635669 L2877 101.9 L4035  REENIUM SCANDIUM
ANEEONORNERARSRRRAAPEOANANANRORNAEORARECARSRRNERAEARAARANARORRAAARANRRORRRAS
32.84  .0550472 23391 1%4.8 .4495  COBALT BARIUM
32.84 .0502503 L2113 108.7 .4777  COPPER CALCIUM
32.84  .0501497 .1923 96.4 L4075  OBMIUK MAGNESIUM
32.04  .0490919 .1950 9.9 4071  RHENIOM TITANIUM
32.04 0447508 .1538 86.4 .4100  IRIDIOM
CREQRCER0RSRRER0ERGRRERRRRR0RR0RRS00RONRRRRERRRRRSRRRRRSRRRORRRRCRRRRRNERORS
32.84  .0%593%62 L3390 143.6 L4445  WICKEL BARTUM
32.8¢  .0566587 .2343 1039 .4810  WICREL CALCIUM
32.84 .0501497 .1923 96.4 .4075  0BMIUM MAGNESTIUM
32.04  .0492293 .1901 97.0 L4059  OBMIUM TITANIUM
- 32.04  .0469274 .1623 06.9 L4111  0BMIUM TELLURIUM
b 32.0¢  .045%1732 1812 8.1 L4143 osmMIUM CADMIUM
$‘ 32,84 .0446234 .1538 .412 OSMIUM ANTIMONY
Q ..QQ'.'QQ.."O."..OQQ'.t'.....'.'...'....'..0..'.....ti."".'tQ.QQ..'..""
; 32.04  .0343240 .0989 72.4 L4276  OBMIUM CARBON
32.04 .0339402 .100% 4.3 L4291  REENIUM CARBON
32.8¢ .0327516 .0936 7.9 .4282  IRIDIIM CARBON
32.84  .0202222 1377 122.6 .4829  NICREL CARBON
32.04 .026759% .0800 75.2 .4266  PLATINUM CARBON
¢ 32.84  .0263887 0846 80.6 L4329  TUNGSTEN CARBON
[%]
&v
[%
TABLE A-16-1

(CONTINUED)




AL I
AT

X

N
v..‘
N
2N
Y]
%

B A A Y AR i ey ca e RIMEA R e I AT A Racicat S s

WAVE- SOLID
LENGTH ANGLE R " GAMNMA ELEMENT - B RLEMENT - L
( AT ) ( b
( WORMAL } (=weuee-)
(STERAD. ) (INCIDENCE) (DE + DL)
29.81 ,0559120 .3150 141.6 4664 WICKEL CADMYTM
..o.o-c.o.otnc.t.n..oatnt..to.o..o'nnoon'ooa..n-"-at.nnnnnnnonotn
29.81  ,0517950 -3143 152.5 <4723 COBALT CADMIUM
29.81  .0500925 .1887 93.2 +4165 OSMIUM CADMIUM
29.81 0506611 <3495 173.4 MICKEL
..001Q.t'tttt‘t'i".t't..t.i....t..'tt".'..t.tt.ttt.tt.tt."t".Q.ttttt'..‘.
29.81  .049799%¢ <2158 108.9 4086 OBMIUM BARIUM
29.81  .0488977 -2241 118 -4101 REENIUM TITANIUM
29.81  .0440404 .2053 115.1 4051 IRIDIOM MAGNZSTUM
29.81  .04049958 «2344 145.5 .4898 COBALT CAICIUM
29.81 0371765 «1546 104.5 .4100 PLATINUM oM
.".t..t....t.t'.'.'t'.Qt.!'t'...tt..tii..t.t....Q.Q.Qt..'..li..t.0....00‘.0'
29.81  ,0506611 -3495 173.4 <4495 NICKEL BARIUM
29.81  ,0501451 -3564 178.6 +4469 WICKEL TITANIUM
29.81  _04725s3 <2156 114.7 4075 0SMIUM MAGNESIUM
29.81  .0446543 .1788 100.% .4125 OSMIUM TELLURIUM
29.81 0444710 .237% 134.2 -4836 NICKEL CALCIUM
29.81  .0429494 «1712 100.2 .4135 OEMIUM ANTIMONY
29.81 0389680 1702 844 NI
t.t"'tt...t..t..'"Qt'..00.."'.'..".....'....t.tt.tt..tttttt't'...ttt".'.t
29.81 .0335623 .1198 89.7 .4226 OSMIUM CARBON
29.81  .0323004 .1196 93.1 .4252 RHENIUM CARBON
29.8 .0317616 .1129 89.3 .4213 IRIDIUM CARBON
29.81  ,0276681 .1013 $2.1 .4211 PLATINUM CARBON
29.81  ,0248609 .0993 100.4 .4271 TUNGSTEN CARBON
29.81  .0243413 .1563 161.4 .4807 NICKEL CARBON
27.07  ,0440227 .1953 111.5 .4631 TITANIUM WICKEL
..n..tt'.t..tQ"t..tt.t.ttittt'.t..t...".'!...'l't..'.QQ'Q'.Q.QQ'.QQQ"..Q.'
27.07  .0436691 .2228 128.3 .4108 OSMIUM BARIUM
27.07  .0432784 «3640 211.4 <4547 NICKEL BARIUM
27.07 0426534 2264 133.4 412 RAENIUM IUM
.a.aao.oottatoanoctot.t-onoaoaQnoo.a.nQtto.to-t.t.o.n.n.tanttonaota.cmoa.n
27.07  .043669)1 .2228 128.3 .4108 OBMIUM BARIUM
27.07 .0411376 «2393 146.2 <4062 REENIUM MAGNESIUM
27.07  .0393%12 .1851 118.2 .4119 IRIDIUM TELLURIUM
27.07  .0354477 <1709 121.2 .4120 PLATINUM ANTIMONY
27.07 ,0315363 . 187.4 .49 T CALCIUM
..onoa...ao.t.toooooa.aoa.aoco.ntttonatoott.tooot.aototooatno.n.tno.tn.o.n
27.07  .0436691 «2220 128.3 .4108 OSMIUM BARIUM
27.07 .0422787 «2356 140.1 .4051 OSMIUM MAGNESIUM
27.07  ,0413935 .1949 118.3 .4136 OBMIUM TELLURIUM
27.07  ,0413027 .1975 120.2 «4566 TITANIUM COBALT
27.07  .,0408097 «1912 117.7 4138 OBMIUM ANTIMONY
27.07  .039776s5 .1733 109.5 +4680 TITANIUM COPPER
27.07 .0373478 .1510 101.6 -4237 OBMIUM CAICTIUM
...acottno.totato.aoooototnoo'ot't...o.ooaooﬁaoantctoono.tn.ca.o.n.o“o'onoo
27.07  .0308451 .1382 112.¢ .4187 O8MIUM CARBON
27.07  .0295018 .1312 111.8 <4174 IRIDIUM CARBON
27.07  .0294847 <1373 117.1 .4211 REENIUM CARBON
27.07 .0267463 1220 114.6 .4178 PLATINUM CARBON
27.07  ,0250122 .1218 122.¢ .4210 TUNGSTEN CARBON
27.07  ,0217227 -1064 1231 .4193 QoLD CARBON

~

A-16-11

MINIMNUM T ALLOWED 15 S

TABLE A~16-1
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AR . MINIMUM 2 ALLOWED 18 S
Y. WAVE- SOLID
2 :: LENGTH ANGLE R n GAMMA ELEMENT - B ELEMENT - L
g ( AT ) ( oA )
X (__WORMAL ) (==w—-—m-)
(STERAD. ) (INCIDENCE) (DB + DL)
2% 24.57 .0589870 4673 199.1 .4647  NICKEL VANADIUM
:\ﬁ OGN NC R RRNER R R RO R ARRORNC N RORRRAACRRRRRAANRRAC LRGN R RO RRRRRRRERR ARt aoReadeg
i 24.57  .0550003 4679  213.8 .4706  COBALT VANADIUM
" 24.57 .0534553 .4317  203.0 .4602  COPPER VANADIUM
T 24.57 .0495336 .2631  133.% 4117  OBMIUM VANADIUM
x\t 00000 0RRRRRRER SRR RN RRRARRRRRR Rttt e tRat Rt Rt antARe Rttt dndneedad
o 24.57  .0439456 .2266  129.6 .4153  OSMIUM ANTIMONY
24.57  .0397926 .2199  138.9 .4164  REHENIUM TELLURIUM
24.57  .0375870 +2215 148.1 .4092  IRIDIUM BARIUM
5y 24.57  .0335841 .2346 175.6 .4027  PLATINUM MAGNESIUM
3] 4.57 .028929% 1562 135,17 .4251  TUNGSTEN CALCIUM
t] ..'....t.tt."..............'.....'...'.Q"...00..'.'....0..'.'.....t.'.ti...
i ; 24.57 .0478218 .3931  206.6 .4708  NICKEL ANTIMONY
W 24.57  .0412286 .3663  223.3 .4694  NICKEL TELLURIUM
> 24.%7  .039333% L2317 148.1 .4098  OSMIUM BARIUM
h>. 24.57 .0385689 .2536  165.3 .4024  OSMIUM MAGNESIUM
24.57 .0339583 L1657  122.6 .4209  OSMIUM CALCIUM
e 24.57 .0321228 .1905 149.0 .4102  OSMIUM SILICON
E.; 24.57 .0318004 L1930  152.% .4087  OSMI
* SRR RRARR RS AR RRARR RN RARACaR R R AR ARRO RN aR et Nd et ARt taneedntedetoRne
"~ 24.57  .0292276 L1583 136.1 = .4153  OSMIUM CARBON
~ 26.57 .0280091 512 135.7 .4144  IRIDIUM CARBON
LY, 24.%7  .0277751 L1569  142.0 .4175  REENIUM CARBON
t 24.%7  .0248382 .1416 143.3 .4151  PLATINUM CARBON
24.57  .024093% .1458 152.1 4191  TUNGSTEN CARBON
24.57  .0207348 L1268  153.6 .4157  GOLD CARBON
o
39
;. 22.31 .0S87077 494 211.7 .4764  NICKEL TELLURIUM
_1 SRR ERANER L ARR AR R RNR RO RN OARORANARNRRACRRRRRRNRRONECRRARRRRARCARCARNRARNNERGOENORSD
';:1 22.31  .05477%1 .4643  213.0 .4704  COPPER TELLURIUM
: 22.31  .0543757 .4932  220.0 .4817  COBALT TELLURIUM
22.31  .0506030 .2039 141.0 .4164  OSMIUM TELLURIUM
SRR RERRECANRAEC R VSRR RRNOERRRRRNAN AR RRRAAAARERE AL EORARASRARONSRAANNERRRORSDS
03 22.31 .0370208 .2523 171.3 .4096  OSMIUM BARIUM
) 22.31  .0351164 .2868  205.2 .401¢  RHEENIUM MAGNESIUM
o, 22.31  .0307373 L1008  147.9 4179  IRIDIUM CALCIUM
. 22.31  .0254956 L1901 187.4 .4065  PLATINUM SILICON
, 22.31  .0248302 .2098  212.1 .4110  TUNGSTEN
R o SRR RRRREEROSRRRNOCARNAARANRRAANARAEARARRANRAAARARRARRRERARARARRRNARRARORERES
- 22.31  .0370208 .2523 11,3 4096  OSMIUM BARIUM
22.31  .03643557 <2826 194.8 .4005  OSMIUM MAGNESTUM
1y 22.31  .032564) L1913 147.6 L4190  OBMIUM CALCIUM
22.31  .031058% .2193 177.8 L4099  OSMIUM SILICON
22.31 .0307443 .2218 101.3 .4100  OSMIUM BORON
22.31  .0301941 .4%2%  376.6 .4899  TELLURIUM ALUMINUM
) 22.31  .0301082 1776 148.3 L4190  OSMIUM STRONTIUM
BOCORLRNNNRRRABRNRENNERRARRRARRNERRRARRGERRRORRRRRRGRERARRRARERORAGOOARCddtaddtan
3 22.31  .028593% L1069  164.3 L4140  OSMIUM CARBON
h 22.31 .0271448 777 1648 .4120  IRIDIUM CARBON
22.31 .0270823 L1061 172.7 .4151  RHENIUM CARBON
o 22.31  .0249870 L3686  370.8 L4934  CARBON TELLURIUM
A 22.31  .0232%79 .1598 172.7 .4105  PLATINUM CARBON
Y 22.31  .0227101 1716 1899 L4165  TUNGSTEN CARBON
N
- TABLE A-16-1
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y MINIMUM T ALLOWED 15 S
mve- S0LID
LENGTS aGLE R " GASA ELENT - B ELEMENT - L
( AT ) ( 0B )
3 ( WORMAL ) (=—=—==-)
(STERAD. ) (INCIDENCE) (DH + DL)
A, 20.25  .0339823 .2765  204.5 4094 OBMIUM BARIOM
\. 000080 RASRARRRACERRAGEARARGRERNSEENAEOARRRCRRGRAARAARRRRROARERRRRNROReRRNactadded
20.25 .0332007 3121 236.2 .3992  OSMIDM MAGNESIUM
M 20.25 .0325598 .2639  203.7 4086  IRIDIUM BARIUM
3 20.25 .032391%5 L2740 212.6 4104  REENIUM BARIUM
[T L e I Il e e et A e R e e e I LY ST LI eIy eIy elrly
20.25 .0319222 .2981  234.7 .3987  IRIDIOM MAGNESIUM P~
20.25 .0284748 .2136  188.5 L4197  REENIUM CALCIUM 250
¥ 20.25 .0247290 .2198  223.3 .4087  PLATINUIM SILICON MO
2 20.25 .0226086 22336 289.7 .4108  TUNGSTEN BORON AN
<) 20.25 .0189470 .1953 259.0 .4065  GOLD ALUMINUM e
G0N NEAREERARAREORAERACAEENEERAARRARNSERSARARNEARERNCARRAOIEAARROOERANREdRed = ‘f)_
5 20.25  .0332007 3121 236.2 .3992  OSMITM MAGNESIUM S
v 20.25 .0300769 2171 181.4 .4193  OSMIOM CALCIUM POy
20.25 .0287069 2479 217 L4095  OBMIUM SILICON i
20.25 .0283770 .2521  223.3 4077  OBMIUM BORON ——
20.25  .0278996 .2012  181.3 L4199  OSMIUM STRONTIUM .
- 20.25 .0278450 12465  222.S L4084  OSMIUM ALUMINUM SN
- 20.25 .0274745 .2199  201.2 L4144 OSMIUM MANGANESE Cate
.-‘ Q20800 ARRSAGARARRRRRARRRRR RN AR R RN SRR RACARRdNAANRORRRREReatReataddatieNadeRe ".\'.’.'
< 20.25 .0266681 .2152  202.8 4145  OSMIUM CARBON ALY
< 20.25 .0256515 L2063 202.1 4116  IRIDIOM CARBON S
"y 20.25 .0250631 22113 211.8 .4140  REENIOM CARBON T
: 20.25 .0228531 J1905  209.6 .4105  PLATINUM CARBON Ny
20.25 .0209186 .1958  235.3 L4153 TONGSTEN CARBON .
’ 20.25 .01779%0 L1661 234.6 L4111  oow CARBON
;q
A 18.39  .0309529 .3076  249.8 4102  REENIUM BAR
«‘._ . .........".......'....'........Q.‘.I..'.."....'..Q.Q...QQ'.QQ"....'...'.'.
¥ 18.39  .0308980 .2965  241.1 L4085  OSMIUM BARTUM .
18.39  .0296619 .3336  282.6 3976  OSMIUM MAGNESTUM :
18.39  .0296399 .2890  245.1 4085  IRIDIUM BARIUM 5
[ ".................Q...'.......................'...Q...Q.'.....'.'..'.Q..'... '-- ‘-“‘\
%‘- 18.39  .0296619 J3336  282.6 .3976  OSMIUM MAGNESIUM A
. 18.39  .0260553 L2326 224.3 L4175  IRIDIUM CALCTOM -_'Q N3
§ 18.39  .022961¢ 22507  274.4 .4069  PLATINUM SILICON AT
18.39  .0212646 L2696  310.7 L4082  TONGSTEN BORON NN
_ 18.39  .0184273 .2265  309.0 .4065  GOLD ALUMINUM -
[Ny ......'..".Q...........'.......'...'....'........."...'..'..........'...'.. E‘AE =
18.39  .0296619 .3336  282.6 .3976  OBMIDM MAGNESIUM
, 18.39  .0272578 J2391  220.8% L4186  OSMIUM CALCIUM
N 18.39  .0260220 22719 262.6 14069  OBMIDM SILICON
y 18,39 .0257311 227175 M. .4048  OBMIDM BORON
N 18.39 .0253883 .2220  219.8 L4185  OSMIDM STRONTIUM
s 18.39  .0253062 L2718 269.9 .40S6  OBMIM ALUMINUM
33 18.39 .0247455 .2220  225.8 L4170  OBMIUM
, ..'.........................'.............'...".........".I."Q...'.C......
' 18.39  .0244106 .2396  246.7 L4137 OBMIUM CARBON
18.39  .0241044 .2465  257.0 L4157 REENIUM CARBON
18.39  .0233138 .232¢  250.5 .4137  IRIDIUM CARBON
i 18.39  .0214251 .2201  258.2 -4118  PLATINUM CARBON
Ee 18.39  .0199102 L2289  289.0 J4157  TUNGSTEN CARBON
- 18.39  .0173305 J1976 2032 .4103  GOLD CARBON
»
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A~16-14
MINIMUM T ALLOWED IS S
wave- SOLID
LENGTE ANGLE R ] GAMA ELDONT - B ELDGNT - L
{ AT ) ( DB )
( NORMAL ) (-==—==-)
(STERAD. ) (INCIDENCE) (DH + DL)
16.69  .0302132 .3386  281.7 4084  OSMIUM
VERERCRRPNNBOERNRERNOEREARCANNNRR NG RRERRNOERRACACANEARRRERARONNQOERNRNCEAGERONOSE
16.69  .0297302 L3478 294.0 .4102  REENIUM BARIUM
16.69 .0287199 23221 281.8 .4075  IRIDIUM BARIUM
16.69 .0273713 .3702  1339.9 .3968  OSMIUM MAGNESIOM
CERERNR BRSO ERENERERRRORNEORANEPENGAPRACRRNAEEORASRERNENNED RGNS NRRGENORGOERS
16.69  .0267169 L3813 3%8.7 .3976  REENIUM MAGNESTUM
16.69  .0243132 .2596  268.3 .4173  IRIDIUM CALCIUM
16.69  .0206375 L2757 338.7 .4049  PLATINUM SILICON
16.69 0196983 L2424 309.2 4251  TUNGSTEN LANTHUNUM
16.69  .0171050 .2583  379.6 .4036 BORON
O...O.i0....'0'......i"......'..’...........‘..0..'...........Q.'...'...."'
16.69  .0273713 .3702  339.9 .3968  QSMIIM MAGNESTUM
16.69  .0256000 .2738  268.8 L4187  OSMIUM CALCIUM
16.69  .0243656 L2565  264.6 4218 OSMIUM LANTHUNUM
16.69  .0243319 .3095  319.7 .4055  OSMIUM SILICON
16.69  .0240029 J315¢  330.3 L4033 OSNIUM BORON
16.69  .0239109 .2538  266.8 .4202  OSMIUM STRONTIUM
16.69 .0236605 .3093 .4042  OSMIUM ALUMINUM
..Qt...'.'........Q..'.‘.'..'.....O...........l'..""..t.‘......t......'..i'
16.69  .0229770 .2769  302.8 4117 0SMIUM CARBON
16.69 .0221826 .2013  318.7 L4137  REENIUM CARBON
16.69  .0218954 .2627  301.% .4106  IRIDIUM “ARBON
16.69 .0193696 L2445 317.2 .4110  PLATINUM C\RBON
16.69 0183018 L2606  357.9 L4164  TUNGSTEN CARBON
26.69 .0161076 .2223  346.8 .410¢6  GOLD CARBON
15.16  .0292044 L3349 288.2 4220  OSMIUM
SRR EERNBUERRNNERRRNRER SRR N ER R AR R R RERNRCRREQAAAREARERINRERAENCCRRRCCOAQNACCTARRANS
15.16  .0287399 L3428 299.7 L4248 REENIUM LANTHUNUM
15.16  .0279035 13204 288.6 .4205  IRIDIUM LANTHUNUM
15.16  .0255027 .3032  298.8 .4203  PLATINUM LANTHUNUM
VAL SRRRREENEEENRARNRRACRCRANR A NRGRCERARNRLCARRORNEACRCREGRNEDONGORRRERGRANES
15.16  .0239363 L4169  437.8 .3968  RHENIUM MAGNESTUM
15.16 .0224158 L2959 3317 .4156  IRIDIUM CALCIUM
15.16  .0192690 3115 406.3 .4034  PLATINUM SILICON
15.16 .0178079 L2569  362.5 .4287  TUNGSTEN CERIUM
15.16 .0160511 L2949  460.7 .4019  GQOLD
SRR RNERCERRRERARRACERARARERARAECLNRAARARNRE LR ASAERARAOARNRRERRANERE RO ERNGORE
15.16  .0246393 L4054  413.8 L3961  osMIm MAGNESIUM
15.16  .0234231 L3098  332.4 L4169  OsMIDM CALCIUM
15.16  .0221929 .2723  308.4 .4263  OSMIDM CERIUN
15.16  .0221246 L3458 3929 .4042  OSMIUM SILICON
15.16  .0219311 .2063  328.1 .4206  OSMIUM STRONTIUM
15.16 .0217801 .3524  406.7 .4019  OSMIUM BORON
.0215220 .3461 04. .4029  OSMIUM ALUMINUM
'"'.".'..........'.""......".....Q...".......'Q....Q...'...'Q.....Q.'..
15.16  .0210282 L3144 375.7 .4098  OSMIUM CARBOW
15.16  .0202206 23192 396.8 4118 REENIUM CARBON
15.16  .0201752 L3002 374.0 .4088  IRIDIUM CARBON
15.16  .0182316 .2815  388.0 .4087  PLATINUM CARBON
15.16 .0166678 L2975 448.8 L4143 TUNGSTEN CARBON
15.16¢ .0153201 L2581 423.2 .4097  GOLD CARBON
TABLE A-16-1
(CONTINUED)

KAMEN LI & a0
.. - - .




N <
!
2
‘ﬁg ‘h'ls-ls
o)
~
‘:
n!
v MININOM 3 ALLOWED 18 §
>y WAVE- SOLID
o) LENGTH ANGLE R ] GAMMA ELEMENT - B RLEMENT - L
4
*3 { AT ) ( pa )
{ WORMAL ) ¢( =)
(STERAD.,) (INCIDENCE) (DB + DL)
N 13.76 .0219118 «4399 $04.6 +3954 OSMIUM MAGNEST
K} ..0'ttt..t...lt.Q.'.C.t.'t.t."..t.t.tt."'tttt.'..tt'..'ttt.'..ttt...ttttttt
N 13.76¢  .0211930 4515 $35.5 .3961 REENIUM MAGNESIUM
13.76¢ .0211527 4224 501.9 .3951 IRIDIUM MAGNESIUM
i 13.76 .02112%0 .3460 411.7 .4153  0SMIUM CALCIUM
'J Q...i."..t..'..0.....'.....t.....Q.'..O..ltt..tt.t.Q.t.t..t't.t.ttQtt...tt.t
b i 13.76  .0204095 .3515 432.8 .4178 RAENIUM CALCIUM
i 13.76  .0191161 .3661 481.4 .4024 IRIDIUM SILICON
13.76 .0173747 «2657 384.4 4249 PLATINUM PRASEODYMIUM
- 13.76 .0157685 .3014 480.% .4258 TUNGSTEN STRONTIUM
& 13.76  .0146315 .3318 $69.9 .4006 50!
:4 QQ‘.C.....00.00.."0'...t.."."'..t.....itttQ..t..Qttt.t..t'.'.'..ttt.t't‘t'
X 13.76 .0211250 <3460 411.7 .4153  OBMIUM CALCIUM
5 13.76 .019%059 .2942 .4 .4284 OBMITM PRASEODYMIUM
- 13.76  .0198436 .3201 405.5 .4195  OSBMIUM STRONTIUM
13.76  .0198362 .3818 483.7 .4031  OsMIUM SILICON
X! 13.76 .0194821 +3890 501.9 .4007  OSMIUM BORON
13.76  .0193073 .3826 498.1 .4017 OBMITM ALUMINUM
. 13.76 .0189510 .3517 466.5 .408) OSMIUM CARBON
*ul SRR R AR R SRANR RN RO R SR AR OR AR R AANRIERRNN N RO RRGARANACARDOENAOCANOORAGRORORROORSN
: 13.76  .0189510 .3517 466.5 .4081 OSMIUM CARBON
:.j 13.76  .0182505 .33 464.2 .4072 IRIDIUM CARBON
g 13.76 .0181562 .3568 493.9 .4100 RHENIUM CARBON
Y 13.76  .0166332 .3192 482.3 .4071 PLATINUM CARBON
M 13.76  .0149249 .3341 $62.6 4124 TUNGSTEN CARBON
) 13.76  .0140595 .2950 $27.4 .4080  QOLD CARBON
::4
Al 12.49 .0193475 4748 616.7 .3949 OSMIUM MAGNESIUM
'; . AR RSB ORRREANRARCRCRERRAN R AR AN CEARRGVEARRERRAL RGO ALARRANRRORNORRARCOOROOSSES
k< 12.49 .0188728 .3829 $09.9 4141  OSMIUM CALCIUM
A 12.49 .0187512 4574 613.1 <3946 IRIDIUM MAGNESIUM
i 12.49 .0186313 .4856 655.1 .3956 REENIUM MAGNESIUM
SRR ORRROOORORRRARRERRCRRRRRRRARARERRRRRRERRARARERORORROR Rt RRRddtdttdetd
. 12.49 .0182078 .3685 508.7 .4128 IRIDIOM CALCIUM
h<- 12.49 .0170538 +3587 528.7 .4212 RHENIUM STRONTIUM
s 12.49 .0156572 3848 617.6 4014 PLATINUM SILICON
. 12.49 .0135991 4122 761.9 .4023 TUNGSTEN BORON
% 12.49 .013021) .3618 698.3 .4006  GOLD
X CORER R R RN ORNERRREARARROEAARRGRANRRRRRRRARRERRGCCRREARERARORAORRdReeatRdtRRd
; 12.¢9 .0108728 .3829 $09.9 .4141 OBMIUM CALCIUM
12.49 .0178007 «3554 $01.8 4185  OSMIUM STRONTIUM
12.49 .0176234 .4182 $96.4 .4022  OSMIUM SILICON
: 12.49 .0172605 4257 619.9 .3997 OSMIUM BORON
" 12.49 .0171684 4196 614.3 .4007 OBMIUM ALUMINUM
T 12.49 .0169050 .3098 $79. s 4067 OBMIUM CARBON
e 12.49 .0165797 .3248 492.4 .423 OBMIUM
.: .'.'..'..t...'...tt....0000....0".'0..00.0.!...'.0.0.'..'..'.0..'.Q'Q.Q.'Q'O
e 12.49  .0169050 .3098 $79.5 .4067 OSMIUM CARBON
', 12.49  .016340% .3749 $76.6 .4058 IRIDIUM CARBON
i 12,49 .0161360 .3945 614.4 .4084 RHENIUM CARBON
12.49  .0149561 .3570 599.9 .4057 PLATINUM CARBON
V 12.49 .0131850 .3703 705.9 .4108 TUNGSTEN CARBON
" 12.49 .0127047 «3320 €56.9 .4065 GOLD CARBON
q
)
Q
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MINIMOM 3 ALLOWED 18 S
WAVE- SOLID
LENGT® ANGLE R n GAYMA ELOONT - B ELEMENT - L

{( AT ) ( bpE )
WORMAL

G e —

( )
(INCIDENCE) (DR + DL)

(STERAD. )
11.3¢  .0170852 3785  $57.8 4262 OSMIUM
VAN REREARNRERNCRCRERERNRCOACRRDANERNRARNCANONEOGAERRARRARARNENSECROGRCRARSGNGRNE
11.34  .0169669 .5103  75S.9 .3945  OBMIUM MAGNESTOM
11.3¢  .0166923 .4208 63,6 4129 0SMIDM CALCIUM
11.3¢  .0165173 4938 751.3 .3942  IRIDIOM MAGNESIUM
N0 RNEAERRERSESEORRRRERRC0RRRRARERRRORRRRaNetgaeRdteddtdeddndaatnedtadd
11.3¢  .0165173 4938 751.3 .3942  IRIDIM MAGNESTUM
11.34 0160507 4259  666.9 4151 REENIUM CALCION
11.34  .0140801 3614 644.6 4163 PLATIWOM STRONTIUM
11.34  .0221346 4387 908.7 .4044  TONGSTEN SILICON
.34 .0116782 4063 874,53 .3987  GOLD BORON
COERLRRRORIRNANRDDPNABSNREORAERSNSORRRANRRRS0REN0RCOASNGNADASRAERENCOARRGARARES
11.34  .0169669 .5103  755.9 L3945 OBMIUM MAGNESTUM
11.3¢ 0166923 4208  633.6 4129  0BMIDM CALCION
11.34 0158163 L3918 622.6 4177 osuItM STRONTIUM
11.3¢  .0155041 A4SS1  737.8 4014 OBMIUM SILICON
11.34  .0151326 4628 768.7 .3968  OBMIUM BORON
11.3¢  .0151226 4570  759.5 .3999  OSMIUM ALUMINUN
.34 0149117 .428 . .405¢  0SMI
SRR ERAREARSANERNAS AR RORABANSORCRARAOERARARARERNNARAEARAACERACRORACORORARNORAR
11.3¢  .0149117 4283 721.9 .4054  OBMIUM CARBON
11.34  .0144763 4137 718.3 4046  IRIDIUM CARBON
11.34  .0142254 4333 765.5 .4071  RHENIUM CARBON
11.34  .0133126 L3960  747.7 4045  PLATINUM CARBON
11.34 .0115034 4067  988.5 .4093  TUNGSTEN CARBON
11.34  .0113888 3713 819.3 .4052  GOLD CARBON
10.30  .0155575 4428 71S.4 4192 OSMIUM TOM
. PERENAERNSSEARARSRNRAREESARERAORONRRORRRANGRRRdRORARRRedhadtRbdtoddtinaettnddd
10.30  .0151181 4298 714.4 4178 IRIDIOM GERMANTUM
10.30  .0150244 4479 749.2 .4219  RHENIOM GERMANIUM
10.30 .0147759 5448  926.6 3941  OBMIUM oM
BEEREARAEERECREARNACEAACNRRERERESNRENRGOANEGAANNAEEVNNARASRACRROAGAGRORNROGEORARSD
10.30  .0144378 .5289  920.8 3938 IRIDIUM MAGNESTUM
10.30 .0139776 4621  831.0 .4140  REENIOM CALCITM
10.30  .0124402 .3970  902.1 L4155  PLATINUM STRONTIUM
10.30  .0105349 .4358  1039.6 .400S  GOLD BILICON
10,30 .0100792 .4732  1179.9 .4017  TUNGSTEN ALUMINUM
0."'.'...00000.0..0.0.0.00'."00.".'....'....'00i.000".".00.'.'.......0..
10.30  .01477%9 5448 926.6 L3941 OBMIUM MAGNESTUM
10.30  .0145311 L4568 790.0 4118 OBMIUM CALCITM
10.30  .0138409 4267 774.8 4169  0BMIUM STRONTIUM
10.30  .0134360 4897  916.0 .4007  OBMIUM SILICON !
10.30  .0131381 4923 941.8 3992  OSMIIM ALUMINUM .
10.30  .0130606 4973 957.0 L3980  OSMITM BORON o
10.30 0129370 4645 . . OBMIUM <
.QQ......'....0...0""...0..Q..'ti'..0.0..."...0..'.'..'.Q.i."'..'.'..Q..Q R
10.30  .0129370 4645  902.5 .4043  OSMIUM CARBON ‘
10.30  .0126053 4503 997.8 4035  IRIDIOM CARBON -
10.30  .0123470 4699  9%6.6 L4058  RHENIDM CARBON 4
10.30  .0116523 4332 934.3 4034 PLATINUM CARBON 3
10.30 .0100346 4091  1024.7 .404)  GOLD CARBON !
10.30  .0098322 4400  1124.7 L4078  TUNGSTEN CARBON
TABLE A-16-1
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o KININUM 3 ALLOWED 1S $
. WAVE- SOLID
3~ LENGTE ANGLE ] ] GNSIA  ELEMENT - B ELEMENT - L
% AT | )
£ WORMAL )  (~—o———
L2 (STERAD. ) (INCIDENCE) (DB + DL)
9.35 .0120618 .4041  789.7 .4377  OBMIDM
) 0400888000 EER000AEARA0EEEREEEERSRERESEARGREREARAREEERDEGREEACRCRACOARARSES
N 9.35  .0125407 <3930  787.8 4357  IRIDIUM MAGNES1UM
o 9.35 .01247%¢ .4906  988.0 .4108  OSMIUM CALCIUM
) 9.35 .0123989 .4076  826.2 441 REENIUM 1M
.:’ ...O.'t.......00.'.00.t.'t00000..0.0..0'.IQQ.Q..O.'.l.'0.0'0"0.0..00.0..0'..
) 9.35  .0121%04 4777 4.8 .4097  IRIDIDM CALCIUM
o 9.35 .0114960 -4651  1016.8 <4187  REENIOM STRONTIOM
9.35 .0105109 4926  1177.9 +3994  PLATINUIM SILICON
9.35 .0090101 4747 134, o .3984  GOLD ALUMINUM
3 9.35 0084470 .5226  1554.9 4001  RRODIUM BORON
"4 ...tt....t.CQ.Q..'.'O'..t..."'t."..tl.'ttt.t....t....i.'.'.t.'.".'...t..0.
L 9.35 .01247%6 +4906  988.0 .4108  OBMIUM CALCTUM
A 9.35  .0119599 .4603  967.3 -4161  OBMIDM STRONTIOM
! 9.35 .0115026 .5222  1140.9 .4000  OBMIUM SILICON
- 9.35  .0113097 .5260 1168.8 .3985  OBMIDM ALUMINUM
9.35 .0111230 .5293  1195.9 .3972 OBMIUM BORON
9.35 .0110657 .4985  1132.3 .4032  OBMIUM CARBON
.0102848 .3264  797.5 4464  OBMIUM BOLINIUM
. ...Qitt'...00.0...'.0..0..t.'.'...t.'i.t.t.0.Q'.t.'.Q.'Qt."..".t.t..tt't..t
N 9.35 .0110657 .4985 1132.3 4032  OBMIUM CARBON
% 9.35 .0108284 4850  1125.6 .4024  IRIDIOM CARBON
% 9.35 .0105865 .5052  1199.3 -4046  REENIDM CARBON
" 9.35 .0100744 4689  1169.7 .4024  PLATINUM CARBON
> 9.35 .0087317 4457 1282.8 .4030  GOLD CARBON
x 9.35 .0083461 .4841  1457.7 .4078  REODIUM CARBON
N
" 8.49 .0115547 3882  844.4 4555  OBMIUM THULIOM
l? . CERNONSCAERANERACNAELRRARRRAARACNCEREANRAAORNRACARERNRARAESRECRONSERANEREARORNS
‘ol ‘8.49  .0113271 3787 840.2 .4530  IRIDIOM THULIUM
' 8.49  .0111940 .3930  882.3 .4586  REENIUM THULIOM
: 8.49  .0106539 .3659  863.3 .4528  PLATINUM THULIUM
'..O..O.Q.Q.'..Q.t.i"..t..i...'0......'Q.Qi..t.".t..'t'.'...0.'..0.0.‘..'..
, 8.49  .0103209 .5086 1238.6 .4088  IRIDIUM CALCIUM
T 8.49  .0098701 .4259 1084.6 4402  REENIOM MAGNESIUM
N 8.49  .0093521 .4654  1250.7 <6140  PLATINUM STRONTIUM
& 8.49 .oonsn 5117 1629.1 .3978  GQOLD ALUMINUM
N 8.49 0077362 .5565 1807.9 4032  REODIUM SILICON
* \ .QQQ.Ol.......Q.t.'t".."t.'.".l.......t.‘.'t.Qt.Q...Q..t.......'.'..'..'t'
B 8.49  .0105097 5205  1244.6 .4099  OBMIUM CALCIUM
- 8.49  .0102465 .4221 1035.3 .4363  OBMIUM MAGNESIUM
0.49 .0101469 .4908  1215.7 4154  OBMIDM STRONTIUM
8.49 .0096752 .S511  143.5 .399¢  0BMIUM SILICON
7 8.49 .0096711 .5581  1450.4 .3980  0BMIUM ALUMINUM
1 8.49  .0092893 .5570  1507.1 .3966  OBMIUM BORON
\‘ 8.49 0092718 .5204 1432.2 .4021  OBMIUM
...'t.t.".t.i....0.t0.00.'0....0...Q.....Q..Q...Qt.'.'t....tt...t..0.'...."
A 8.49 .0092718 5284 1432.2 .4021  OBMIOM CARBON
L 0.49  .0091235 5159  1421.1 4014  IRIDIUM CARBON
8.49  .0088938 .5365 1516.2 4036  RHENIUM CARBON
8.49  .0085617 .5014  1472.0 4014  PLATINUM CARBON
< 0.49  .0074784 4796  1611.7 .4019  GOLD CARBON
8.49 0073021 .85275 1815.6 4069  REODIOM CARBON
2
=
]
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MINIMUM § ALLOWED IS S
WAVE- 0LID
LENGTE AGLE R | GANMA ELEMENT - B ELIMENT -~ L
AY ( oa
{ WORMAL ) ( )
(STERAD.) (INCIDENCE) (DB + DL)
7.71 .0085990 .5456 1594.5 -4088 OBNIUM CALCIUM
RN et eetet st tieteetantattitettetioeetttnitieeneeteeitsntetteetensds
7.71  .008519%7 .5356 1500.1 .4078 IRIDIUM CALCIUM
7.71  .0083059 .5163  1547.4 .4146 OBMIUM STRONTIUM
7.7% .0083528 .5549 1669.8 .4109 REAENIUM CAICIUM
RSNttt N e et ee st e etetttesttetietesttintentseseettettarintecentt
7.71  .0083063 -5069 1533.7 4134 IRIDIUM STRONTIUM
7.71  .0080549 4500 1404.1 .4389 RRENIUM MAGNESIUM
7.71  .0075324 .5540 1848.)3 .3982 PLATINUM SILICON
7.71 .0063541 3710 2258.3 .4061 RBODIUM CARBON
7.71  .0063348 .5309 213s.1 .3958 GOLD BORON
T N T T L e
7.71  .0083859 <5163 1547.4 4146 QEMIUM STRONTIUM
7.71  .0083264 4448 1342.7 4349 QBMITM MAGNESIUM
7.71 .0079439 .5755  1820.8 +3987 OBMIUM S$1LIC0N
7.71  .0075345 .5521 1841.8 .4012 0sMITM CARBON
7.71  .0075338 .576% 1931.2 «3959 OSMI UM BORON
7.71  .0074203 «3665 124), 2 4524 OSMIUM ALUMINUM
7.711 .0070121 -4362 1563.4 .4263 osMI
N NI NN RN IR NS RN N RO Nt At R AR A st sttt ttssetortsetintontontotastd
7.71 .007534S8 .5521 1841.5 .4012 OBMIUM CARBON
7.71 .0074839 .5416 1818.8 4005 IRIDIUM CARBON
7.71  .0072576 .5618 1945.6 4025 REENIUM CARBON
7.71 .0071260 .5303 1870.4 .400% PLATINUM CARBON
7.71  .0063541 <5710  22%58.3 4061 RBODIUM CARBON
7.71  .0063302 .5848 2321.9 .4077 RUTHENIUM CARBOR
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